REPRESENTATION THEORY 

An Electronic Journal of the American Mathematical Society 
Volume 00, Pages 000-000 (Xxxx XX, XXXX) 
S 1088-4165(XX)0000-0 



DISTINGUISHED TAME SUPERCUSPIDAL REPRESENTATIONS 
AND ODD ORTHOGONAL PERIODS 

JEFFREY HAKIM AND JOSHUA LANSKY 



Abstract. We further develop and simplify the general theory of distin- 
guished tame supercuspidal representations of reductive p-adic groups due to 
Hakim and Murnaghan, as well as the analogous theory for finite reductive 
groups due to Lusztig. We apply our results to study the representations of 
GL ri (i 7 ), with n odd and F a nonarchimedean local field, that are distinguished 
with respect to an orthogonal group in n variables. In particular, we determine 
precisely when a supercuspidal representation is distinguished with respect to 
an orthogonal group and, if so, that the space of distinguishing linear forms 
has dimension one. 



1. Introduction 

This paper has two objectives: (1) to further develop and simplify the general 
theory presented in [HMuj of distinguished tame supercuspidal representations, 
and (2) to apply this general theory to a particularly important class of examples, 
namely, the representations of GL„ (F) , with n odd and F a nonarchimedean local 
field (under some restrictions) , that are distinguished with respect to an orthogonal 
group in n variables. 

1.1. General theory. Generally speaking, we will use the notations and termi- 
nology of [HMuj. We also impose the same "tameness" assumptions on the data 
used to define our representations. For simplicity, we do not recall all of these 
conventions explicitly in this introduction. 

We are interested in the tame supercuspidal representations of a given group 
G = G(F), where F is a nonarchimedean local field and G is connected reductive 
-F-group. By definition, a supercuspidal representation of G is "tame" if it is one 
of the representations constructed by Jiu-Kang Yu in [¥]. The basic objects used 
to parametrize tame supercuspidal representations are called "cuspidal G-data." 
(The latter notion was introduced in jY] though the terminology is from [HMuj .) 
Assume now we have fixed a cuspidal G-datum 1 J> = (G, y, p, 4>) and let 7r(4 r ) denote 
the associated representation. 

Assume we have also fixed an involution 6 of G, that is, an F- automorphism of 
G of order two. The central problem considered in jHMu] is the computation of 
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the dimension of Hom G o (tt(^), 1), where G e is the group of fixed points of 9 in G. 
Since this dimension is constant as 9 varies over its G-orbit ©, we write 

(6, *)g = dimHom G e(7r(*), 1). 

(Recall that G acts on involutions by g ■ 8 — Int(g) o 9 o Int(</) -1 .) 

Let [&] denote the set of refactorizations of (in the sense of |HMuj ) and let 
[9] denote the if°-orbit of 9. Note that G, y, and the equivalence class of 7r( v E') do 
not vary in the refactorization class [>&]. On the other hand, the representation p 
of K° does vary, however, its twist 

P ' = p® (4>\K Q ) 

is an invariant of [$]. Recall that <f> is the quasicharacter of G° defined by 

d 
«=0 

and note that p'\K^_ is a multiple of the character <j>\K+. 

Write [9] ~ [*] when 9(K°) = K° and 0|if+ e = 1. Equivalently, [6] ~ [*] when 
there exists \P G such that '5 is ^-symmetric in the sense of [HMu] . In the latter 
case, will be ^'-symmetric for all 9' e [0] . 

If 9{K°) = K°, we define 

([#]>[*]) if = dimRom K o,e(p',T]' g ), 

where rf s is a certain quadratic character defined in [HMuj Otherwise, we take 
([6], [W]) K o=Q. Note that if ([6], [W]) K o is nonzero then [9] ~ [*]. 

We now state some refinements to the main theorem of |HMu| (Theorem 5.26) 
that hold under the same technical assumptions. First of all, we prove in statement 
1 of Theorem [330] that 

(Q,V) g = Y,™k°([0}) {[0\M)k°> 

m 

where 

m K o{[6}) = [G e : (K°nG e )G e ] 

and we are summing over the if°-orbits [9] in O such that [9] ~ [$]. The fact 
that we are summing over i^°-orbits of involutions, rather than ii'-orbits, is a 
significant improvement over [HMu] since K° has a much simpler structure than 
K. In addition, the explicit formula defining m/f°([#]) should be easy to evaluate 
in applications and it corrects a mistake in [HMu]. 

Next, we state a formula which simplifies Theorem 5.26 (5) [HMu] . Assume 
there exists 9 e O such that [8] ~ and fix such a 9. (Such a 9 always exists if 
(O, \&)g is nonzero.) Let g±, . . . ,g m € G be a maximal (necessarily finite) sequence 
such that gi9(gi)~ 1 € -ftT and the i^°-orbits • 6*] are distinct. Then we show in 
statement 2 of Theorem 13.101 that 



We also reformulate certain results of Lusztig |Luj for finite groups of Lie type to 
make evident that our formulas for (Q,^)q have close analogues for representations 
of finite groups of Lie type. 
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1.2. A special class of examples. Let G — G(F), where G = GL n for some 
odd integer n > 3 and F is a nonarchimedean local field of characteristic whose 
residue field has characteristic p with p =/= 2. When v £ G is symmetric, we define 
an automorphism of G by 

du{g) = v- l - t g- 1 -v. 

Such automorphisms will be called "orthogonal involutions of G." In general, we 
use boldface letters for F-groups and the corresponding non-bold letters for the 
corresponding subgroups of irrational points. If 9 is an orthogonal involution, let 
G e be the group of fixed points of 9 (and thus G denotes G 6 (F)). 

In this paper, we compute the spaces Hom G e(7r, 1) when tt is an irreducible 
tame supercuspidal representation of G and 9 is an orthogonal involution of G. 
We follow the approach of HMu . When Hom G e(7r, 1) is nonzero, one says that 
tt is G e -distinguished. (The property of being G e -distinguished is referred to as 
G -distinction.) 

Our main theorem, Theorem 16. 8[ states that if tt has central character lu then 
tt is G 9 -distinguished precisely when uj{— 1) = 1 and 9 has the form 9 V for some 
symmetric matrix v € G that is similar to the matrix 

l x 



J = 



,1 



(Note that 6 Vl and 9 U2 are in the same G-orbit if and only if v\ is similar to a scalar 
multiple of V2-) We also show that when tt is G^-distinguished, the dimension of 
Hom G e(7r, 1) is one. 

Theorem 16.81 complements work of Cesar Valverde jV] whose results characterize 
distinction for a class of non-supercuspidal representations in the same setting we 
consider. On the other hand, for depth-zero tame supercuspidal representations, 
the content of Theorem 16.81 constitutes the main result in [HMa . 

Our work may be used to characterize the set of tame supercuspidal represen- 
tations in the image of the local metaplectic correspondence of FK on the double 
cover G of G in terms of distinguished representations. In particular, if tt is an 
irreducible tame supercuspidal representation of G, then tt lies in the image of the 
Flicker-Kazhdan local metaplectic correspondence (from G to G) if and only if tt is 
distinguished by any (hence every) split orthogonal group G e . 

The local results we obtain are consistent with a global conjecture of Jacquet [Ja] 
which suggests that, globally, a cuspidal automorphic representation of GL n should 
be in the image of the metaplectic correspondence precisely when it is distinguished, 
in a certain sense, with respect to a split orthogonal similitude group. For a precise 
global statement, the reader should refer to [Ja] or |Maj . 

Let us describe the local analogue of the latter global notion of distinction. Let 
G e be a split orthogonal group and let Gg be the associated similitude group. When 
n is odd, the similitude map /J>g(g) = g9(g)~ 1 from Gg to the center Z of G is surjec- 
tive and we have Ge — G e Z. Let \ be a quasicharacter of Z . If tt is an irreducible 
tame supercuspidal representation of G then we say tt is (Ge,x)~ distinguished if 
Hom G e(7r, x° A*e) is nonzero. Clearly, if tt is (Ge, x)-distinguished then it is G - 
distinguished. Conversely, if tt is G e -distinguished then tt is (Ge, x)-distinguished 
precisely when the central character of tt is \ 2 ■ (This follows immediately from the 
fact that G e = G e Z.) 
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Jacquet's conjecture is tied to a potential formulation in terms of relative trace 
formula of Waldspurger's work [Wlj |W2j on the nonvanishing at the center of 
symmetry of the L- functions attached to a quadratic twist of a cuspidal automorphic 
representations of GL^. Work on Jacquet's conjecture is ongoing with contributions 
by various authors. (See [Of] , for example.) 

We would like to also mention recent work }Mu2j by Fiona Murnaghan that links 
the existence of distinguished tame supercuspidal representations for a given pair 
(G, 9) to the existence of certain elements in G that are elliptic regular with respect 
to 9 in a suitable sense. The specific examples we consider are also mentioned in 
[Mu2j . 

Acknowledgements The authors would like to express their gratitude to Jeffrey 
Adler whose useful advice helped them resolve some key technical problems. 

2. General Notation and Background 

Let K be any nonarchimedean local field of characteristic 0. Denote by Ok the 
ring of integers of K and by ^k the maximal ideal of Ok ■ Let denote the 
residue field of K. If L/K is a finite extension, we let N L i K denote the norm map 
from L x to K x . Let G be any connected reductive algebraic group defined over 
K. 

For any subgroup H of G, let A^g(H) (resp. Zq(H)) denote the normalizer 
(resp. centralizer) of H in G. Similarly, if C is any subgroup of G(K). we denote 
by Nc(H) (resp. Zr-(H)) the normalizer (resp. centralizer) of H in C. 

Let L be a finite extension of K. Fix an algebraic closure K of K containing L. 
let £ denote the set of if-embeddings of L into K, and let i : L — > K denote the 
natural inclusion. 

Let H be an algebraic L-group. Let i? L / R -H denote the -ftf-group obtained from 
H via the restriction of scalars functor from L to K. Then there is a if-isomorphism 

where H CT = er(H). The action of Gal(K / K) on R L / K ^ corresponds to the fol- 
lowing action on Y[ a H CT . If x G Yl a Ho-, denote the cr-component of x by for 
<7 € E. Then, for r € Gal(K / K) , define r • x to be the element of Y[ a H<r with 
cr-component 

(t • x) a = TX T -i a (er € E). 

(Note that there is a natural action of Gal(K/K) on E so the notation t _1 ct is 
meaningful.) We will identify R^/kH and J| ct£S H CT (together with the above 
action of Ga\(K/K)). We will view each H CT as a if-subgroup of G. Note that 
projection onto the t-component gives an isomorphism of (i?^/^H)(F) with H(K). 

Let 9 be a JT-involution of G. Abusing notation slightly, we will often refer to 
9 as an involution of G(K ). The group G 9 of #-fixed elements in G is a reductive 
-ftT-group. For g g G(K), let g ■ 9 be the X-involution Int(g) o 9o Int(g) of G, where 
Int(g) is the automorphism x t— )• gxg^ 1 of G. This defines on action of G on the 
space of if-involutions of G. 

We will make use of much of the above notation in the setting where the fields 
involved are finite. 
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For the remainder of the paper, F will denote a fixed nonarchimedean local field 
of characteristic 0. We will abbreviate Df, *$f, and fj? respectively by O, and 
f. Let q be the cardinality of f. Let G be any reductive F-group. We will denote 
the group G(F) of F-points of G by G. In general, we will use boldface letters 
to denote algebraic groups and corresponding ordinary letters to denote groups of 
F-rational points (for algebraic groups defined over F) . We denote the Lie algebra 
of G by £J, and set g = Q{F). 

Let 9 be an involution of G. Let Gg be the stabilizer of 9 in G. Then Gg is a 
reductive F-group containing G e . If Z denotes the center of G, we have 

G 9 = {geG: g ■ 9 = 9} 

= {.geG: g9(g)- 1 e Z}. 

Then g i-> g9(g)~ 1 gives a group homomorphism fi : Gg — > Z . 

When G = GL„(F) and G e is an orthogonal group in n variables the group Gg 
is the associated orthogonal similitude group and /i is the similitude ratio. So it 
is natural, in general, to view Gg as a generalized similitude group with similitude 
ratio /i. 

The homomorphism fj, yields an isomorphism of abelian groups 

Gg/G 6 Si fl(Gg), 

as well as another such isomorphism 

Gg/ZG 9 £* fi(G e )/fi{Z). 

Again, we note that much of this notation will also be used when F is replaced 
by a fixed finite field (as in i j3.2l) . 

Let K be a finite extension of F. Denote by B(G,K) the Bruhat-Tits building 
of G over K. For any maximal F-split torus T of G, let A(G, T, K) denote 
the apartment in B(G,K) associated to T. If y G B(G,K), let [y] denote the 
image of y in the reduced building £? re d(G, K). For any y £ B(G,K), let G(K) V:0 
denote the associated parahoric subgroup of G(K). For a real number r > 0, 
denote by G(K) y ^ r the filtration subgroup of G(K) y fl attached to y and r by 
Moy and Prasad (see [MP ). (These subgroups are defined with respect to the 
valuation on K that restricts to the valuation on F mapping F onto Z.) If K = 
F, we will abbreviate G(K) y ^ r by G y<r . Let G(K) y r + = {j s>r G{K) y>s , and let 
G{K) y r . r + = G(K)y ir /G(K)y tT .+ . The quotient G(K) Vt0 . + is the group of fjf- 
rational points of a connected reductive f^-group which we will denote by G y , i.e., 
Gy(fx) = G(K)y t0:0 +. When K = F, we will omit the superscript in this notation, 
i.e., G y (f) = G yi0:0 +. The lattices Q(K) y>T , Q{K) y r +, and Q(K) y r . r + (for r e K) 
are defined analogously. When K = F, we will abbreviate these lattices respectively 

by 9y,r, Q y ,r+, Q y ,r:r+- 

The following definition from [HMuj is derived from [Y] : 

Definition 2.1. A 5-tuple (G, y, r, p, (f>) is called a cuspidal G-datum if it satisfies 
the following conditions: 

Dl. G is a tamely ramified twisted Levi sequence G — (G°, . . . , G d ) in G and 
Z°/Z is F- anisotropic, where Z° and Z are the centers of G° and G = G d , 
respectively. 

D2. y is a point in A(G,T, F), where T is a tame maximal F-torus of G° 
and E' is a Galois tamely ramified extension of F over which T (hence 
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G) splits. (Here, A(G,T,F) = A(G,T, E') tlB{G, F), where A(G, T, E') 

denotes the apartment in B(G, E') corresponding to T.) 
D3. r*= (ro, ■ • ■ , Td) is a sequence of real numbers satisfying < ro < r\ < . . . < 

r<2-i < rd, if d> 0, and < ro if d = 0. 
D4. p is an irreducible representation of the stabilizer K a — C?9 , o/ [y] m G° 

suc/i £/ia£ p | Gy Q+ is 1-isotypic and the compactly induced representation 

7r_i = ind^ p is irreducible (hence supercuspidal) . Here, [y] denotes the 
image of y in the reduced building of G. 
D5. <f> = (</>o, . . . , 4>d) is a sequence of quasicharacters, where 4>i is a quasichar- 
acter of G l . We assume that <p d — \ if rd = r^—i (with r_i defined to be 
0), and in all other cases if i G { 0, . . . , d} then <pi is trivial on G^ r+ but 

nontrivial on G l y r . . 

As observed in [HMuj . the vector r is completely determined by ip. Consequently, 
we can and will omit r and refer to the resulting 4-tuple (G, y, p, (f>) as a cuspidal 
G-datum. 

A cuspidal G-datum — (G,y, p,<fi) determines an open compact-mod-center 
subgroup K = K(*5>) of G. As described in §3.1 of [HMuj, K can be expressed 
as a product K^J 1 ■ ■ ■ J d , where K° is as defined above, and for i = 1, . . . d, J 1 
is a certain open compact- mod-center pro-p subgroup of G l . The datum ^ also 
determines a representation n = k('I') of K . 

If the cuspidal G-datum * = (G,y,p,(f>) satisfies certain genericity conditions 
(namely, those in Definition 3.11 in |HMuj ) . then the compactly induced represen- 
tation md K n is irreducible and hence supercuspidal. Such data are called generic 
in [HMuj . For the sake of brevity, in this paper, all cuspidal G-data will be assumed 
to be generic. 

Suppose ^ is a cuspidal G-datum. Let £ be the if-equivalence class of ^, as 
defined in [HMu . This consists of cuspidal G-data that are related to $ by some 
combination of X-conjugation, refactorization, and "elementary transformation," 
that is, replacing y and p by y and p, where [y] = [y] and p = p. 

Let 9 be an involution of G. Following [HMu], we say that \& is -symmetric if: 

• 9(G) = G, 

• &([y]) = [v\i where [y] is the point in the reduced building of G correspond- 
ing to y. 

When the first two conditions are satisfied, but not necessarily the third condition, 
we say that ^ is weakly 9-symmetric. 
If is the G-orbit of 9, define 

(9,*) = dimHom G f ) (7r(4'), 1). 

Of course, this dimension is independent of the particular choice of representative 
9 of 0. Also, it depends only on the if-equivalence class £, and so we also denote 
it by (9,£). Let 9' be a if -orbit of involutions of G. Then (9',£)_r- is defined in 
[HMu] by 

(S\0k =dimHom^( K (*),l), 
where 9 is an arbitrary element of 9'. When (&,£)k is nonzero, we say that 9' 
and £ are strongly compatible. By Propositions 5.7 and 5.20 in [HMuj . if 9' and 
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£ are strongly compatible, then, according to Proposition 5.20 of [HMu] . they are 
also moderately compatible, which is equivalent to the statement that we can choose 
a refactorization ^ of VP and 9 G 0' such that ^ is ^-symmetric. 

3. Distinguished representations: general theory 

3.1. A refined multiplicity formula. In this section, we follow the notations 
of [HMu] . Our first goal is to correct an error in [HMuj (which we thank Shaun 
Stevens for reporting to us). In particular, the constants mj((6) do not appear 
to be well-defined and should be replaced by a family of constants mif(0'), as Q' 
varies over the set 0^ of if -or bits in 0. This error does not affect the theory of 
HMu in a substantial way but it does affect some of the statements of the main 
results. In particular, the formula 

(Q,0G = m K (Q) ]T (6', Ok 
e'ee K 

which occurs throughout HMu should be replaced by 
(3.1) (®,0g= m K (Q'){Q',0K. 

A secondary purpose is to obtain formulas for the quantities in (|3.1[) which involve 
only if and not the much more complicated group if. This should greatly simplify 
the computations in examples. In particular, we show that each if-orbit 0' C 
contains a unique if°-orbit that contains an involution 9 such that to#-(0') = [Gg : 
(if n Gg)G 9 }. The same is then true for any element of the if°-orbit [9] of 9, so 
we denote this index by m K o([9\). It is also shown that m^o([S]) is a power of two 
in general. 

In addition, if 0' contributes nontrivially to (|3.1j) . it is shown in |HMuj that 

This formula also holds with 9 replaced by any element of [9] and \I/ replaced by any 
datum in the class [^f] of refactorizations of ^, and so we denote this dimension by 
([9], [^])k° . The upshot of these results is that in ^3.1.41 we show that it is possible 
to re-express (|3. 1|) in the form 

(0,*) G = 5> K o ([<?]) ([e}M) K o, 
m 

where the summation is over a certain collection of if °-orbits [9] G depending on 
[*]• 

3.1.1. The constants m/f(0'). From now on, we assume that we have fixed a G- 
orbit of involutions of G and an inducing subgroup K, as in [HMu . Then 
is a union of if -orbits 0' and the set of such if -orbits is denoted <d K . The rule 
g i y g9(g)~ 1 yields a bijection between G/G e and the space Sg of elements g9(g)~ 1 
as g varies over G. Recall that the action of G on the set of involutions of G is 
given by 

(5 ' at){g') = ga{g~ 1 g'g)g~ 1 . 
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We have a diagram 



G/G 




where the maps are given by: 

gG s 



90(g)- 1 



g -e 

Let T g be the fiber of g ■ 6 € in G/G e . Then JF g = gT\ and so there is a 
canonical bijection between any fiber T g and the fiber T\. 

The group K acts on G/G by left translations; it acts on Se by k-x — kx9(k)~ 1 ; 
and it acts on by restricting the action of G on the set of involutions. 

The above maps are Zf-equivariant and we obtain corresponding maps on the 
sets of i'C-orbits: 



K\G/G 6 



KgG 




90(9Y 



e 



K 



Kg- 9 



Let Tf be the fiber in K\G/G e G A ' of 0' = Kg ■ 8. Let m K (Q') be the 
cardinality of J 7 ^ . It is easy to see that m^-(O') is finite. (This will follow from 
explicit expressions for 771^(8') given below.) We have 



gH 



l Kg 



and thus 
(3.2) 



m K (Kg ■ 9) = m g -i Kg 



(g^Kg-i 



Lemma 2.6 HMu asserts that the numbers mi<- (0') remain constant as Q' varies 
in Q K , but the proof appears to be erroneous. Building on the error, the constant 
to^(0) is defined to be the common value of the ttik (O')'s. 

To correct this mistake, we need to use the formula 



(9,0g= ]T m K (Q'){e',0 K . 
e'ee K 



We remark that in most common applications at most one of the summands (0', 
is nonzero. It is also common that the constants mx (0) are all 1 since Gg = ZG e 
for some 9 € 0. So the error just mentioned is not easily detected by studying 
examples. 



3.1.2. Elementary abelian 2-groups. Let 0' be the X-orbit of 9. To establish that 
Wif(0') is a power of two, we will show that it divides the order of the group 
Gg/ZG 6 , which turns out to be an elementary finite abelian 2-group. 
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Let 

Z% = {zeZ: 9{z) = z- 1 }, 
Bi = {ze(z)- 1 : zeZ} = n(Z), 
H e = Z e/ B e- 

Fix 6 £ and let Qg = G e /ZG e . Let Kg denote the image of K H Gg in Q B . 
The homomorphism fi yields an isomorphism of Qg with the subgroup p{Gg)/B^ 
of Hq. But the group Hq is an elementary finite abelian 2-group. (See the proof 
of Lemma 2.8 |HMuj .) It follows that Qg is an elementary finite abelian 2-group. 

Now let 8' be the if-orbit of 9. We have: 

Lemma 3.1. The constant mxi®') is identical to the order of the elementary finite 
abelian 2-group Qg / JCg and thus it is a power of 2. 

Proof. The constant mx (©') represents the number of elements of K\G/G e that 
contain a representative g such that g ■ 9 — 9. But g ■ 9 = 9 occurs exactly when 
g9(g)~ 1 € Z or, equivalently, when g € Gg. Hence we are counting double cosets 
that have a representative in Gg. 

Suppose we have Kg\G e — Kg2G e , with 51,52 € Gg. Then 52 = kg%h, for 
some k £ K and h £ G e . Then k necessarily lies in K C\ Gg. Thus we have 
(K n Gg)giG 6 = (K fl Gg)g2G e . It follows that there is a bijection between the 
set of elements of K\G/G e with a representative in and the double coset space 
(Kr\Gg)\Gg/G e . Since G e is a normal subgroup of Gg and Z C KC\Gg, our claim 
follows. □ 

We remark that Lemma 2.8 [HMuj establishes that 771^(8') is finite by showing 
that 

m K {&) < \Hl\ <oo. 
The proof does not establish that rnR-(O') divides \Hq\ or that mif (0') is a power 
of two. 

We close this section by emphasizing that the expression just given for tuk (&) 
involves the image of K n Gg in Qg . In the next section, we show that one can 
replace K by K°. 

3.1.3. A formula for rnK-(0'). In this section, we exploit the structure of the in- 
ducing group K to obtain a more precise formula for mjf(8'). 

Having defined Gg, we can now state our desired formula for m^(8'). 

Theorem 3.2. Let ^ = (G,y,p,(j)) be a generic cuspidal G-datum. Let £ be the 
K -equivalence class of ^ , and let 0' be a K -orbit of F -involutions of G such that 
(&',(,) k is nonzero. Then for any 9 € 0' such that ^ is 9-symmetric, 

m K (®') = [Gg : (K°nGg)G e }. 

We will show later that there exists a unique iiT -orbit 0q C 0' such that 'J is 
symmetric with respect to some (hence every) involution in 0q. This justifies the 
notation mKo(Q' ) for mi<-(0') and leads to a reformulation 

Fix a generic cuspidal G-datum $ = (G, y, p, <fi). Assume first that \& is 9- 
symmetric. Let K = K(^>) be the inducing group associated to \P. Then K has a 
decomposition 

K = K Q J l ■■■J d . 
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It is shown in Proposition 3.14 [HMu that all of the factors in the latter decompo- 
sition are ^-stable. Moreover, we have 

K° = K ' 9 ,! 1 ' 9 ■ ■ ■ J d > e , 

where S 9 denotes the set of fixed points of 6 in S. We need a slight generalization 
of the latter fact. 

Lemma 3.3. If \P = (G, y, p, (ft) is a Q -symmetric cuspidal G-datum then 

KnG 8 = (k° nG e )J M ■■■J d ' e . 

The proof of the latter result is identical to that of Proposition 3.14 [HMuj except 
that, instead of Lemma 2.9 HMu], we substitute the following result whose proof 
is essentially the same as the proof of Lemma 2.9 HMu . 

Lemma 3.4. Suppose a is an automorphism of a group C such that a 2 = 1. 
Assume A, B and Z are a-stable subgroups of C such that C — AB and Z is a 
subgroup of A that is contained in the center of C. Let 

A' = {a e A : a«(s) _1 eZ}, 

B' = {beB : a(b) = 6}, 

C' = {ceC : caff 1 e Z}. 

Then C = A'B 1 . 



Proof of Theorem \3.2\ Assume first that * is ^-symmetric. We have shown in 
Lemma 13.11 that mx(9) is the index of JCg in Qg. By definition, K.g is the image 
of K n Gg in Qg. But, according to Lemma \2>.?>\ K n Gg is a product of K° n Gg 
with various pro-p-groups J 1 ' 9 . Since Qg is an elementary finite abelian 2-group, 
the groups J 1 ' have trivial image in Qg. Therefore, Kg is identical to the image of 
K° n Gg in Qg. Thus our claim follows when \1/ is ^-symmetric. 

If is not necessarily ^-symmetric but (0',£)if is nonzero then Proposition 
5.9 and Lemma 5.19 HMuj imply that there exists 9' £ 0' and a ^'-symmetric 
refactorization ^ of ^. This implies that there exists k € K such that k ■ ^ is 
^-symmetric and our claim follows the argument in the previous paragraph. □ 

3.1.4. A simplified formula for (Q,^)g. Equation (|3.1|) can be reformulated in 
terms of fC°-orbits of involutions rather than fC-orbits. Since K° can have a much 
simpler structure than K, this reformulation should be regarded as a useful sim- 
plification in applications. The idea of reducing the theory of distinguished tame 
supercuspidal representations to objects involving the group G° in the cuspidal 
G-datum is pursued further in [Mulj . 

Suppose — (G,y,p,4>) is a cuspidal G-datum. Then 'J determines subgroups 
K° = K ^) and K = K (*) as discussed above. 

Lemma 3.5. Let a be an F -automorphism of G. Then a stabilizes K° if and only 
if it stabilizes both G° and [y] . 

Proof. Clearly, if a stabilizes G° and [y] C B(G°, F), then a must stabilize Gj^ = 
K°. 

Conversely, suppose that a stabilizes K°. Then K° C G° n a(G°). Since K° 
is an open subgroup of G°, it is dense in G° n a(G°) with respect to the Zariski 
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topology. (See Lemma 3.2 of [PR] .) Thus G° n a(G°) must have dimension equal 
to that of G°, which forces G° = a(G°). □ 

Lemma 3.6. Let T° be the connected component of the identity in Z°. Then 

N G (T°)(F)nG yfi+ =G° yi0+ . 

Proof. Since G° = Z G (T°), we have 

G% + c Z G (T°)(F) n G yfi+ C N G (T°)(F) n G yfi+ . 

It remains to prove the inclusion N G (T°)(F) n G Vi0 + C G yQ+ . Since G yQ+ = 
G°nG yfi +, it is enough to show that N G (T°)(F)nG yfl + C G°. Moreover, it suffices 
to do this over a splitting field E' of T, i.e., to show that N G (T°)(E')nG{E') yfi + C 
G (E'). We first show that it is furthermore enough to prove the analogue of this 
statement in which T° replaced by the maximal torus T. 

Let T' = Int(.g)(T). Then T' is an B'-split maximal torus of G°. Since g fixes 
y, we have y G A(G°, T, E') n A(G°, T', E'). Let T and T' be the maximal f^-tori 
of G y associated respectively to T and T' (see the appendix). Since the image of 
g in G y (fE') is trivial, we have T = T'. It follows that there exists h G G (£") a + 
such that Int(/i)(T') = T. Note that hg G N G (T)(E') n G(E') yfi +. Thus, if we 
can show that 

(3.3) N G (T)(E') n G(E') yM c G ^'), 

it will follow that hg G G°(A') so g G G° (£?')■ 

It remains to prove (1331) . Suppose fc G N G (T)(E') H G(£J') B ,o+ • Tnen tne image 
of k in Gy(fij') is trival, hence is contained in every Levi subgroup of Gy containing 
T. It follows that k must fix pointwise every facet of A(G,T,E') containing y. 
Thus k acts trivially on A(G, T, E') so the image of k in the Weyl group W(G, T) 
of T in G is trivial. It follows that k G T(E') C G ^')) demonstrating (J3T3J). □ 

Proposition 3.7. Let 9 be an involution of G and suppose 9(K°) = K°. Let 
k G K. The following statements are equivalent. Then (k ■ 9)(K°) = K° if and only 
ifkeK . 

Proof. It is clear that if k G K° then k ■ 9 must stabilize K°. Conversely, suppose 
9' = k ■ 9 stabilizes K°, where k £ K. We have k = koj, for some ko G K° and 
j G J 1 • ■ ■ J d C G y Q+. The condition 6'(K°) = K° is equivalent to the condition 
that k9(k)~ 1 lies in the normalizer Nk(K°) of K° in K. 

We claim that Nk(K°) — K°. Assume, for the moment, that this is the case. 
Then 

kojeUy^iko)- 1 G N K (K°) = K°, 
and hence j9(j)~ 1 G if . According to Proposition 2.12 [HMuj . we may choose 
g G = G° y 0+ such that ^(j)" 1 = g9{g)~ 1 . Then 6»' = Int^^fc)- 1 ) o9 = k'-0, 
where fc' = kog G A , and our claim follows. 

It therefore suffices to show that N K (K°) = A . Let Z° be the center of G° 
and let T° be the connected component of the identity in Z°. We first observe that 
N K (K°) = N K {G°) = N G (G°){F) n A. This follows from Lemma |33] applied to 
the automorphisms Int(fc) for k G A. 

We now have that We now show that N G (K°) = N G (G°) = N G (Z°) = N G (T°). 
This is done as follows. Clearly, A G (Z°) C A G (T°). Now suppose g G N G (T°). If 
t G T° then g~Hg G T°. But if /i G G° = Z G (T°), we have hg^tgh- 1 = g~Hg. 
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This implies ghg^tgh,- 1 g- 1 = t. Thus ghg- 1 e Z G (T°) = G° and so g e N G {G°). 
This shows that A G (T°) C A G (G°). Assume next that g G N G {G°). Then hxt(g) 
is an automorphism of G° and thus it must preserve the center Z° of G° and 
its identity component T°. So we have shown A G (Z°) C N G (T°) C N G {G°) C 
-ZVg(Z°), which implies that the latter inclusions are all equalities. 

We now have N K {K°) = N K {G°) n K = A G (T°) n K. We are thus reduced 
to showing that N K {T°) = K°. Clearly, we have A^(T°) D K°. So suppose 
k £ N K (T°). As above, we write k = k j, with k G K° and j G J 1 ■ ■ ■ J d C G y . +. 
To say that k normalizes T° is the same as saying that j normalizes T° . But then, 
by Lemma ESI j must lie in G° 0+ . Thus fee A , and so N K {T°) = K°. □ 

We now define a refinement of the A-equivalence on cuspidal G-data. Let [9] 
denote the class of all cuspidal G-data related to \P via a combination of refactoriza- 
tion and elementary transformation (as in §5.1 of [HMu ). Observe that the action 
of an element of K° via conjugation on an element of [VP] coincides with an elemen- 
tary transformation. Hence, [VP] is preserved by the action of A . We will refer to 
as the refactorization class of \& . Note that as \I/ ranges over its refactorization 
class, G, A, A , and [y] do not vary, while p and cf> do vary. Nevertheless, the 
equivalence class of the representation 

p'-p^A ) 

is an invariant of the refactorization class. Here <f> is the quasicharacter of G° given 

by 

d 

2 = 

Note that p'\K\ is a multiple of $\K\. 

For an involution 9 of G, let [9] denote the A °-orbit of 9. Consider the following 
two conditions on 9 and 

{1)6 stabilizes K°. 

(2) 4>\K% = 1. 

Clearly, if (1) holds for 9, then it must do so for every element of [9]. Similarly, 
Lemma 5.5 of HMu implies the analogous statement for (2). It follows that both 
conditions depend only on the A°-orbit [9] and the refactorization class [*f>]. We 
write [9] ~ [\&] when both of the above conditions hold. 

Proposition 3.8. Let 9 be an involution of G such that [9] ~ Let £ be the 
A -equivalence class of ^ and 0' the K-orbit of 9. 

(1) Lf9'eK-9 and [9'} ~ then [9'} = [9]. 

(2) IfW G £ and [9] ~ [*'], then [*'] = [*]. 

Proof. Let t £ f be such that 9' = k ■ 9. Since both and fc • 6* stabilize A , 
they must stabilize both [y] and G° by Lemma [3.51 It follows that k9{k) _1 must 
stabilize [y] as well, hence must lie in A . Again, write k = koj, with ko G A and 
j G J 1 ■ ■ - J d G G y , +. Then G A' n G y , + = K°_. As in §2.2 of [HMu] , let 

^(A°) Hzajjf^z- 1 }. 

Then jtflj)- 1 G Z\{K\). But since A° is 2-divisible, Lemma 2.11 of [HMu] implies 
that j9{j)- 1 = c9{c)- 1 for some c G A". Thus 

9' = k-9 = lnt{k9{k)- 1 ) 06 = Int(c0(c) _1 ) o6 = c-6. 
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This proves (i). 

Now suppose € £ and [0] ~ [*&']. Then there exist k € K and a G-datum ^ in 
the refactorization class of "J such that \]/' = fc \j>. It follows easily that [fc^ 1 -0] ~ [^]. 
Since [0] - [*] = [*], (ii) implies that [fc -1 -0] = [0]. Thus both and fe- x -0 stabilize 
If . By Proposition it follows that k must lie in K°, i.e., that <£' = i s in 
the refactorization class of "J, which proves (ii). □ 

Proposition 3.9. Let 8 be an involution of G. Then [8] ~ [vp] «/ and on??/ «/ 
£/iere exists "J 6 [$] suc/i iftai $ is 8-symmetric. If this is the case, then ^ is 
9' -symmetric for all 8' € [0]. 

Proof. If [0] ~ [$], it follows from Proposition 5.9 of HMu] and Lemma [3.51 that 
the if-orbit K ■ and the if-equivalence class £ of $ are moderately compatible. 
Thus Proposition 5.7 of loc. cit. implies that there exists VP € £ such that \& is 0- 
symmetric. Then [0] ~ so Proposition ^. 8f ii) implies that ^ € [\]/]. In addition, 
is clear that must be 0'-symmetric with respect to every 0' € [0] . 

Conversely, suppose that there exists ^ G [W] such that ^ is 0-symmetric. Then 
9(K°) = A' . Moreover, if-0 and £ are moderately compatible by Proposition 5.7 of 
loc. cit. Thus 0| = 1 by Propositions 5.5 and 5.9 of loc. cit. Thus [0] ~ [#]. □ 

Let 5 be the collection of all (G, if°)-data, i.e., all G-data such that K°(^') = 
K°. Let be an involution of G, and let 6' C 9 be the K- and G-orbits containing 
0, respectively. We define (see Theorem I3.2[) 

m K o{[9}) := m K (e') = [Gg : (K° R G e )G e ]. 

Of course, this index depends only on 0' and not on the particular choice of invo- 
lution 0. 

Let * = (G, y, p, <j>) e S. Define 



dim Homjpi.* if [0] ~ [*], 

0, otherwise. 



Here rj e is a certain character of A ^ of exponent two defined in §5.6 of [HMu and 
described explicitly in £ )6.3l of the present paper. The latter definition gives a pairing 
between the set of _ftT°-orbits in 9 and the collection of refactorization classes in S. 
Note that if some * € [*] is 0-symmetric, then ([0], [^f]) K o = (Q',£) K , where £ is 
the if-equivalence class of "J. (See §5.6 of |HMuj .) 

Theorem 3.10. Let ^, £o ; K, K+, etc. be as above. 

(1) (e,*> G = m Ko([o]) <[*], [*]>*>. 

(2) Suppose there exists 8 £ O suc/i i/iai [0] ~ [$] (as mwst 6e the case 

if (e,*) G ^ o;. m 

9Xi---i9m G G 6e a maximal sequence such that 
gjd(gj) G A and </ie [0j] are distinct. Then 

m 

(e,*) G = ^m jr o([0 i D [*]>*<>. 

3=1 

Proof. Let 0' be a if-orbit of involutions of G that is strongly compatible with 
the K- equivalence class £ of 4", i.e., which gives a nonzero contribution (0',£}k to 
the sum in (|3.ip . Then 6' and £ are moderately compatible by Proposition 5.20 
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of [HMuj . It follows from Proposition 5.9 of loc. cit. that there exists 9 £ 0' such 
that [9] ~ [*]. By part 1 of Proposition [#] is the only if°-orbit in 9' with this 
property. In addition, as discussed above, we have {[$], [^])k° — (6',f)x, and, by 
definition, m K a([6]) = mif(Q'). 

To prove (1), it remains to show that every if °-orbit [8] C O that gives a nonzero 
contribution to the right-hand side of the formula in 1 arises in the above way, i.e., 
is contained in some if -orbit 0' of G-involutions that is strongly compatible with £. 
For such a if°-orbit [9], we have ([9], ^ 0, so there must be a refactorization 

W of '5 which is 0-symmetric by Proposition 13.91 As discussed above this implies 
that the if -orbit 0' containing 9 satisfies (0',£)a — ([#], [*])a'° 7^ 0. This proves 
(!)• 

The first part of (2) follows directly from Theorem 5.20 in [HMuj and Propo- 
sition [331 Since the [9j] are distinct, the second part of (2) will follow from (1) 
provided that each refactorization class in that contributes nontrivially to the sum 
in (1) contains one of the 9j. Thus suppose that 9' € satisfies ([9'], [^])k° 0- 
Then if ■ 9' and £ are moderately compatible by Proposition 5.9 of HMuj and 
Lemma [33] It follows from Proposition 5.10 (2) that there exists g € G such that 
99(g)- 1 € K° and g ■ 9 € if ■ 9'. Then [g ■ 6] ~ [*]. Since [9'] ~ [*], we must have 
[<7 • 6] — [9'] by Proposition 13.81 In other words, 9' = kg ■ 9 for some k g if . If 
we let h = kg, then we have h9(h)~ 1 € if . By the maximality of g±, . . . ,g m , it 
follows that [9 1 ] — [h ■ 9] must contain some 6j. □ 

3.2. Finite field theory. In this section only: 

• G will be a connected reductive group defined over a finite field ¥ q of odd 
order q, 

• boldface letters will be used for F 9 -groups and the corresponding non-bold 
letters for the corresponding groups of F g -rational points. 

Fix a maximal torus T of G that is defined over F g and a complex character A of T. 
Let i?;J. = i? T ' denote the virtual representation of G defined by Deligne-Lusztig 
[DLj and let Rt,\ — x denote its virtual character. 

Let 9 be an involution of G, that is, an automorphism of G of order 2 that is 
defined over ¥ q . Fix a closed F g -subgroup G^ of G e that contains the identity 
component of G e . If g € G, we define the involution g ■ 9 in the usual way and we 
letGf^gG^" 1 . 

In jLuj . Lusztig gives a formula for the (virtual) dimension of the space of G^- 
fixed points of R^. We generalize this to a formula for the dimension of the space 
vectors in the space of R^ that transform under by a given (but arbitrary) 
character \ of Gv 

3.2.1. A generalization of a formula of Lusztig. The results in this section were 
obtained independently by Fiona Murnaghan and appear in |Mu2] . 
If H is an F g -group, as in jLuj . we define 

<r(H) = (-ifV^^ ° fH 

Suppose S is a maximal torus in G that is defined over ¥ q . If s G S, let Z s be 
the identity component of the centralizer of s in G and let ss ■ S n Gj — > {±1} by 

est*) = «r(Z G ((S n Gl)°)) a(Z Z3 ((S n G«)°)). 

(We warn the reader that our notation Z s conflicts with the notations in |Luj .) 
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Let St,a,x denote the set of all g € G such that (<? • 0)(T) = T and 
A(i) =x(ff" 1 *fl)" 1 e fl -iT fl (5" 1 *5), 
for all i e TnGf . The latter set is a union of double cosets in the space T\G/G e t . 
Theorem 3.11. If x is a character of G® then 

E R ^(h) X(h) = a(T) £ CT (^Tg fl G*)°)) . 

Proof. Our proof is a routine generalization of the proof of Theorem 3.3 |Lu] . but, 
since the latter proof is rather complicated, we detail the argument. 

The first step is to apply the Jordan- Chevalley decomposition to obtain: 



E ^.aco *w = E E #t,aM x( 

scmisimplc unipotcnt 



Since u is contained in the commutator subgroup of G®, we have 

E rtAV x(h) = e *(«) E «t,a(*«)- 

scmisimplc unipotcnt 



Next, we use the Deligne-Lusztig character formula [PL] 



\Z S , 



(Implicit in the latter formula is the fact that Rt,\ is supported in the set of 
elements of G with semisimple part in a conjugate of T.) 
First, observe that Theorem 3.4 |Lu) implies: 



E ^VmW = # E tr((Zz.07- 1 a^ a r- 1 i7 nZ.nG2r)). 

unipotont («-l S .«(T)=T 

Note that x~ 1 sx € T implies that xTx" 1 C Z s and hence 

a((Z Zs (g^xTx^g nZ s fl G*)°)) = CT ((Z Z . (s^arTaT^ n G*)°)). 

Let 

S = Jre\ E R ^M h ) X(h). 
Putting the above pieces together yields 

S= ^W\ E ff^- 1 s ,) ff p z ,(s- 1 ^- 1 3 nGfr)), 

where (s,x,g) is summed over the set 

{(s, x,g) <E G°, x G x G : x^sx eT, g £ Z 3 , (x^g • 0)(T) = T}. 

We now change variables by sending (s,x,g) to (t,x',g), where t = x sx and 
x' = g~ 1 x. The latter triples lie in T x G x G subject to certain additional condi- 
tions that we now describe. First of all, since s — xtx^ 1 — gx'tx'~ 1 g~ 1 , we have 
gx'tx'^ 1 g^ 1 G G 9 . The condition g e Z s reduces to g £ Z x , tx ,-i. Thus the condi- 
tion gx'tx'- l g- 1 £ Gl reduces to x'tx 1 ' 1 € G%. We also have (x'- 1 ■ 6)(T) = T. 
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Therefore, 

1 *" 1 (t,x',g) 1 1 

with (t,x',g) summed over 

{(t, x',g) <E T x G x G : z'ta'- 1 eG^e Z x , tx ,-i , (a;'- 1 • 0)(T) = T}. 
This is the same as 

S = ]cWf] E Xix'tx'- 1 ) A(£) adZz^ (x'Tx'- 1 n G»)°)). 

* (i,i')€TxG 
x'ta'^GG* 
(x'- 1 -e)(T)=T 

By the definition of e^xi'- 1 ! we have 

e I , Tx ,-i( iB , to'- 1 ) = aiZGdx'Tx'- 1 n G*)°)) a(Z Zi , it ,_, ((z'Trr'- 1 n G«)°)) 
and thus 



|G2||T| 

(t,x')£TxG 
(a;'- 1 -e)(T)=T 



Xix'tx'- 1 ) A(£) ^((a/TV" 1 n G?)°)) 



We now change variables by replacing (t,x') by (£, where £ = x'tx' 1 and 
5 = x'~ x . This yields 

5 = TgW| E ^((s^Tjnc!) )) 
I *n I geG 

(g-8)(T)=T 

■ E *(*) X (9t9^) e g - lTg (t). 

ieg- 1 TgnG e , 

The sum over £ vanishes unless g € ^t\a,x m which case it equals |TnG* |. Hence, 

Note that the above summand is constant on double cosets in T\G/G®. Now 
let T x G e act on G by (£, h) ■ x = txh^ 1 . Then TgG^ is the orbit of g. The map 
(£, /i) i-> £ gives a bijection between the isotropy group of g and T n Gf 8 . Thus 

Therefore, 

5 = a(T) ^ ^((f'TjOG!)")) 

9 eT\H T , A , x /G» 

and our claim is proven. □ 
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3.2.2. Reformulation. Let be the G-orbit of some fixed involution 9a of G. Above, 
we have assumed that x is an arbitrary character of G^° . In this section, we further 
require that \ can be extended to a character of Gg„. Under this assumption, if 
g G G, then 

defines a character of T n G*' 8 ° that depends only on the involution g ■ 9q and not 
on g itself. We denote this character by Xg-e - Similarly, 

1 1 ^ e g -i T g(5 _1 ^9) 

defines a character £T, g -e of T n Gf 00 depending only on # • #o- 
Let 

e T ,A, x = {Aee : 0(T) = T, A|(T n G*) - Xe • e T ,e}- 
Then (/Ge i-> g • $o gives a bijection between St,a. x /G£> and 8t.a, x - (Recall that 
Gg is the stabilizer of 9 in G.) It also gives a bijection between T\E T ^x, x /Gg 
and the space of T-orbits in ©t,a, x - 

If 9 € 6 then we let [6*] denote the T-orbit of 6* and we take 

mr([fl]) = [G fl :G2(G e nT)]. 
We write [9] <~ A when 0(T) = T and A|((nG 8 ) = xe ■ £t,0 or, in other words, 
[0] C e T ,A, x - Define 



<[<9],A>* 

Let 



a(T) ^G((TnG!f)), if[0]~A, 
0, otherwise. 



|G * ' heG",° 



Theorem 3.12. 



<6,A>* = E m r ([0]) <[0],A>? 

[6»] ~ A 

Proof. Since the set St,a, x ma y be expressed as 

{.9 e G : ( 5 • 0„)(T) - T, A|(T n Gf e °) - Xs -0 O • er , fl . flo }, 

it follows that St,a, x i s a umon of double cosets in T\G/Gg . If g G G e ° then 
gG^og^ 1 = Gt 00 = G*° and thus G*° is a normal subgroup of Gg . Hence, we have 
an action of Gg /Gl° on T\S T:A , X /G^° by 

h- (TgGi ) = Tgh- 1 Gt°. 

The isotropy group of T 5 G*° is (G e „ n g- 1 Tg)/{Gi° n ff" 1 ^). 
We have a projection 

nsWG^T\~T,A,xAV 

The Gq -orbit of TgG 6 , is the fiber of the double coset TgGg . The cardinality of 
this fiber is 

[G* /G*° : (G eo ng- 1 Tg)/(Gi ng- 1 Tg)] 

or, equivalcntly, 

[G, :Gt°(Ge ng- 1 Tg)]. 
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This is also the same as 

[G g .e :G°- 8 °(G g . 0o nT)}. 

We observe 

a (Z G ((g^Tg fl G»°)°)) = o (Z G ((T fl Gf 9 »)°)) , 
and thus by Theorem 13. Ill 

(9, A)* = cr(T) <r(z G ((TnG? e °y)) 

9eT\H T , A , x /G!° 

= tr(T) £ |G, 9o :Gf 9 »(G 9 , (i nT)] <r (Z G ((Tn Gf 9 «)°)) 

9 £T\B T , A , x /G eo 

□ 

4. Parameters for tame supercuspidal representations of GL n (F) 

From now on, unless otherwise specified, we assume that G is the group GL„. 

4.1. Howe data. We recall some basic terminology and facts associated with 
Howe's construction [Ho] of tame supercuspidal representations of G = GL„(F), 
and then we describe how the latter construction fits within Yu's framework of 
constructing tame supercuspidal representations for more general groups jY]. A 
more detailed discussion of these matters is contained in HMu]. 

For the purposes of this paper, we find it convenient to introduce the notion of 
a "Howe datum." This is a GL„ -variant of the notion of a cuspidal G-datum (in 
the sense of [HMu] ). 

Definition 4.1. If E is a tamely ramified extension of F of degree n and ip is a 
quasicharacter of E x then ip is F-admissible (or admissible over F) if 

• there does not exist a proper subfield L of E containing F such that ip 
factors through the norm map N E / L : E x —> L x ; 

• if L is a subfield of E containing F and ip \ (1 +?Pe) factors through N E / L , 
then E is unramified over L. 

If ip and ip' are F-admissible quasicharacter s of E x and E' x , respectively, then ip 
and ip' are ^-conjugate if there exists an F -isomorphism of E with E' that takes 
ip to ip' . 

Howe's construction yields a bijection between the set of equivalence classes of 
tame supercuspidal representations of G and the set of F-conjugacy classes of in- 
admissible quasicharacters associated to tamely ramified extensions of F of degree 
n. 

Definition 4.2. If F' is a finite tamely ramified extension of F and ip is a qua- 
sicharacter of F' x , the conductoral exponent f((p) of ip is the smallest positive 
integer such that cp 1 1 + = 1. 

When F' is a finite tamely ramified extension of F, we let Cf 1 denote the sub- 
group of F' x generated by the roots of unity in D F , of order relatively prime to 
p and by a prime element zupi in F' such that wp, belongs to F, where e is the 
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ramification index of F' over F. If ip' is a character of F' that is trivial on and 
nontrivial on Op and if f(p) > 1, then there exists a unique 

7,e^n(t7 /w -^7 /w ) 
such that ip(i + t) = ip'^t), t e q4 ( , v)_1 . 

Definition 4.3. Let F' be a tamely ramified extension of F and let <p be a qua- 
sicharacter of F' x . If /(</?) > 1, we say t/iai <p is generic over F if F\^ v \ — F' . If 
f(<p) = 1, i/ien we saj/ t/iat p is generic over F if ip is F-admissible. 

We remark that if f{p) = 1 then </? is generic over F precisely when F' is 
unramified over F and ip is not fixed by any nontrivial element of the Galois group 
G&\(F'/F). We also observe that, in general, if <p is generic over F then it is 
necessarily admissible over F. 

Let £ be a tamely ramified extension of F of degree n, and let ip be an in- 
admissible quasicharacter of E x . 

Definition 4.4. A Howe factorization of ip consists of 

• a tower of fields F = Ed C Ed-i C • • • C Eq C E, with d > 0, 

• a collection of quasicharacter s <pi, i = — 1, . . . , d, 
with the following properties: 

• For each i € { 0, . . . , d }, <Pi is a quasicharacter of Ef such that the con- 
ductoral exponent /j = f(pi o N E / E .) of tpt o N E / E . is greater than 1, and 
such that pi is generic over E i+ i if i ^ d. 

• /o < A < ••• < fd-l- 

• If Pd is nontrivial, then fd > fd-i- 

• (The toral case) If Eq = E, then p_\ is the trivial character of E x . 

• (The nontoral case) If E C E, then p-\ is a quasicharacter of E x such 
that f(tp-i) = 1 and p_\ is generic over Eq. 

• f = <P-1 Ilto <Pi ° N E/E l ■ 

Note that E/E is always unramified. 

Definition 4.5. A Howe datum (with respect to G) consists of: 

• a degree n tamely ramified extension E of F , 

• an F-admissible quasicharacter p : E x — > C x , 

• a Howe factorization of p, 

• an F -linear embedding of E in M(n,F). 

The latter two ingredients affect the construction but not the equivalence class 
of the representation that is constructed. If $ is a Howe datum then we let 7r($) 
denote the associated tame supercuspidal representation. 

4.2. Embeddings of E x in GL n (F). One can associate an F-embedding E ^ 
M(n, F) to any F-basis ei, . . . , e„ of E as follows. When x G E let 

( Xl \ 
V x n J 

where x = x\e\ + ■ ■ ■ + x n e n and x\, . . . ,x n € F. Thus x M> x is the standard 
linear isomorphism E = F n associated to our choice of basis. Multiplication by x 
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is an F-linear transformation of F and hence defines a matrix i£§. Soi4i 
is the regular representation associated to our basis. Given x, x' G F, we have the 
relations x x[_ = xx' and x 2/ = xx' . 

The embedding x i— > a; for a; e F x is the restriction of an embedding of algebraic 
groups Re/fGLi — > GL„ which we now describe. Note that Fg/^GL i is isomorphic 
over F to a direct product Jl^es ^1 indexed by the set £ of F-embeddings of F 
in F. Fix an ordering u\, . . . ,a n of the n elements of E. Let t' : Fe/^GLi — > GL„ 
be the corresponding embedding 

(xi,...,x„) ^diag(xi,...,x„). 

Let ll € GL„(F) be the matrix 

0%) = (o-i(ej)). 
Let i : -Rgyp-GLi — > GL„ be the embedding 

l = Int(,u) _1 o i' . 

Then i is defined over F and 

i(x) =g for x e (F B/F GL 1 )(F) = F x . 

To see that this equality holds, observe that for x G F x , the eigenvalues of x 
are precisely the <j(x i ) 1 and the corresponding eigenvectors are the columns of 
Thus [ixpT 1 — diag(<r(xi), . . . , a(x n )). But (<Ji(x), . . . , a n (x)) is precisely the 
element of {R E / F GL\)(F) that corresponds to x e F x . 

Lemma 4.6. Given an F '-embedding i : E — > M(n,F), there exists an F-basis 
ei,...,e n of E such that i is identical to the embedding associated as above to 
ei, . . . , e n . The same is true for any F -embedding i : Fe/^GLi — > GL„. 

We note that in both parts of this lemma, the ordered frame (Fei, . . . ,Fe„) is 
uniquely determined by t, while the unordered frame {Fei, . . . ,Fe„} is uniquely 
determined by the image of i. 

Proof. Fix an arbitrary F-basis e[,...,e' n of F. Let x x be the embedding 
associated to this basis. To prove the first statement., note that by the Skolcm- 
Noethcr Theorem, there exists g € G such that gb(x)g^ 1 = x, for all x € F. Let 

= J2i 9ij e i- It i s routine to verify that i is the embedding associated to ei, . . . , e n . 

To prove the second statement, let j3 : Re/fGLi — > GL„ be the F-embedding 
associated to the basis e[, . . . ,e' n . Let T = imt and T' = im/3. Let t be a regular 
element of T, and let t' = (f3 o Then t and t' have the same eigenvalues 

since they correspond to the same element of F x . Thus t' — gtg^ 1 for some element 
g G G. Since T and T' are the respective centralizers of t and t' in G, it follows 
that T' = Int(<?)(T). Moreover, the automorphism Int(<7 _1 ) o /3 o i^ 1 of T fixes 
the regular element t and hence must be the identity map. Thus l = Int(<7 _1 ) o /?, 
and since (3 is associated to the basis e[, . . . , e' n , it follows that l is associated to 
another basis e\, . . . , e„, whose relationship to the original basis is given by the the 
transition matrix g. □ 

It follows from the preceding lemma that any F-embedding l : R E / F QL\ — > 
GL„ gives rise to a unique F-embedding F — > M(n, F) that agrees with l on 
F x = (R E / F GLi)(F). Moreover, every such embedding F — > M(n,F) arises in 
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this way. In the following, we will typically use the same symbol to denote both of 
these associated embeddings. 

4.3. Attaching a cuspidal G-datum to a Howe datum. Fix a Howe datum 
$ = (ip, E, {<fi}, {Ei}, l : E <-} M(n, F)). The purpose of this section is to associate 
a cuspidal G-datum = (G, y, p, <ft) to $. 

Recall from Section l4~2l that i determines a unique F-embedding (which we also 
denote by C) of R e /fGLi into GL„. Let T be the image of i in GL„. Then T is 
an elliptic maximal F-torus of GL n and T = t(F x ). 

Given an element x of Re/f GL\ and an F-embedding a € E, let x a denote the 
cr-component of x. For i e {0, ...,d}i the torus R E ./ F GLi embeds naturally in 
R E /pG\j\ as the subgroup consisting of elements x such that 

x a = x T if cr| Ej = t\ Ez - 

Let 7i be the image of R Ei / E QL\ under i. Then Z 2 is an F-subtorus of T and 
Z l = b(Ef ). Let G 1 be the centralizcr of Z 4 in G. Then our desired tamely ramified 
twisted Levi sequence is G = (G°, . . . , G d ). 

Lemma 4.7. For all i £ {0, ...,d}, the group G l is F -isomorphic to the group 
F^./^GL„ i7 where rii — n[Ei : F]^ 1 and R Ei /F denotes restriction of scalar s from 
Ei to F. Thus G l = GL„ i (F l ). 

Proof. We may assume the F-embeddings a~x , . . . , o~ n of F in F are are arranged in 
[Ei : F] consecutive strings of size n, such that the embeddings in each string have 
the same restriction to Fj. Then the image of -Rg./p'GLi under the map i' defined 
above consists of diagonal matrices such that entries corresponding to elements of 
a common string are equal. The centralizer of (/(i?E i /i?GLi) in G is therefore the 
standard block-diagonal Levi subgroup M = GL n< x • • • x GL ni . By Lemma 14.61 
l is associated as above to an F-basis of e\, . . . , e„ of F. Thus, according to the 
above discussion, l must equal Int(/i) _1 o l' , where \i = (fiij) = (<Ji(ej)). It follows 
that Zi has centralizer G l = /LtM^t -1 . Thus, over F, 

G' = M = R E i/ F GL ni . 

Moreover, it is readily checked that the action of Gal(F/F) on G' is such that G 1 
and R E i /pGL ni are isomorphic over F. □ 

Given i E {0, . . . , d}, there is a homomorphism det^ : G % — > Ef that corresponds 
to the determinant on GL Mi (Fi) and is independent of the choice of isomorphism 
G l ^ GL„ s (F,). We let 

4>i = (pio dcti 

and <f) = (0o, ■ ■ • ,<j>d)- 

Let F' be a normal closure of F/F. The space 

A(G, T, F) = A(G, T, E') G ^ E '/ F) 

is 1-dimcnsional. The point y in our datum "J" is chosen to be an arbitrary point 
in A(G,T, F). The corresponding point [y] in the reduced building is uniquely 
determined by T. 

In the toral case, we let p be the trivial representation of G° = F x . 

Now suppose we are in the nontoral case. Let go be the cardinality of the residue 
class field of Fq. Then Gy is conjugate to GL„ (D£; ) and G° . 0+ = GL no (f_E ). 
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The quasicharacter ip-i is not fixed by any nontrivial element of Gal(E / Eo) , since 
ip-i is inadmissible and /(<£>_i) = 1. The restriction tp_ 1 | £) E factors to a char- 
acter A of that is in general position in the sense that it is not fixed by any 
nontrivial element of Gal(j\E/fE ). 

The construction of Deligne and Lusztig yields a bijection between the set of 
equivalence classes of irreducible cuspidal representations of GL„ (f£ ) and the 
Gal(f£;/fE )-orbits of characters of that are in general position. In particular, 
the above character A determines an equivalence class R\ of irreducible cuspidal 
representations of GL„ (fj; ). Let p° be an irreducible representation of G® whose 
restriction to G° 0+ is a multiple of the trivial representation and assume that p° 
factors to an irreducible cuspidal representation of G y . 0+ belonging to R\. Note 
that 

K = G[ y ] = Eg Gy,o — ( p7g ) x G y , 

for any choice of prime element we q in Eq. Let p be the representation of K° 
that restricts to p° on G y0 , and such that p(wE a ) is equal to lp-i{vje ) times the 
identity operator on the space of p° . 

Let Ti be the depth of <j>i, for i £ { 0, . . . , d — 1 }. Then 

fi - 1 

Ti = — — , where ft = f(ip t o N E/E .), 

where e is the ramification degree of E over F. 

We have now fully constructed our desired cuspidal G-datum ^. Note that we 
had some limited freedom in choosing y and, when E ^ Eq, we could vary the 
choice of p so long as p \ G y factors to an element of R\. 

5. Orthogonal involutions 

For a symmetric matrix v € G, let 9 U be the F-involution of GL„ given by 
x i y v~^~ ■ t x^ 1 ■ v. Here I^'l denotes the usual transpose on n x n matrices. 
We will refer to involutions of G of the form 9 U as orthogonal involutions. 

5.1. Restrictions of orthogonal involutions. In this section, we prove that if 
if 9 is an orthogonal involution of G and if G = (G°, . . . , G d ) is a tamely ramified 
twisted Levi sequence associated to G such that 9(G) = G, then 9 restricts to 
an orthogonal involution of each group G % . Implicit in this statement is that each 
G l is isomorphic to a general linear group, however, the choice of isomorphism 
G l = GL(n,, Ei) is irrelevant for our result. 

It is important to stress that a given element g of some G l has a transpose with 
respect to G = GL(n,F) and another transpose with respect to G 1 = GL(n i ,i? i ) 
(once a specific isomorphism is chosen). Therefore, if v G G is symmetric (as an 
element of G) and if v lies in G l then it is not necessarily the case that 9 V restricts 
to an orthogonal involution of G l . 

Our assertion about restrictions of orthogonal involutions amounts to showing 
that an orthogonal involution of G = G d restricts to an orthogonal involution of 
Qd-i ^ GL(nd_i, Ed-i), since once this is established one can apply the same result 
to G d_1 and G d ~ 2 , and so forth, until one deduces that 9 restricts to an orthogonal 
involution of G°. For notational simplicity, we write G' instead of G d_1 in this 
section. 
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Proposition 5.1. If 9 is an orthogonal involution of G such that 9(G') — G' then 
9 restricts to an orthogonal involution of G' . 

Fix an orthogonal involution 9 of G such that 9(G) — G. Fix a symmetric matrix 
v in G such that 9(g) — v^ 1 ■ *g ■ v, for all g € G. 

We can (and do) fix an isomorphism G" = GL(n', £"), where E' is an intermediate 
field of E/F and n' = [E : E'}. We observe that our proof of Proposition 15.11 uses 
the fact that n' — rid-i = [E : Ed-i] is odd, but otherwise it does not use our 
assumption that n is odd. 

Let X H> 7 X be the transpose on M(n' , E'). The proposition we are considering 
asserts that there exists £ e G' such that T £ = £ and 0(g) = • r g _1 • £, for all 
.9 € G'. 

Lemma 5.2. Under the assumptions of Provosition [5J[ X i-> i> ^X-v preserves 
M(n',E'). 

Proof. Denote the anti-automorphism X n- z^ 1 ■ *X • ^ of M(n,F) by a. Then 
a(G') = G' . It is easy to choose an £"-basis of M(n' , £") consisting of elements of 
G' . But a maps such a basis to another such such basis. Therefore, a preserves 
M(n',E'). □ 

Proof of Provosition \5. 1[ Define an S'-algebra automorphism of M(n' ', £?') by 

f3(X) = v- 1 { t ( T X))v. 

By the Skdlem-Noether Theorem, there exists £ g G' such that /3(X) = for 
all X e M(n',E'). 

Taking X = '"a" 1 , we obtain %) = v~ x ('g -1 ) v = C 1 { T g~ x ) £. Therefore, 
.9 = #(%)) = C" 1 ( T 05 , ( T C" 1 )^ This says that the element z = £ _1 ( T £) lies in the 
center Z' of G'. It now suffices to show that z = 1. 

We note that £z = T £ and thus z = COf -1 - Therefore, z" 1 = T z" 1 = £ _1 ■ T £ = 
z. Thus, z = ±1. But we have (identifying Z' with (E') x ) 1 = det G > (( T £) f -1 ) = 
dct G /(z) = z™' = z. □ 

5.2. 6>-split embeddings of E x . In this section, we work in the following gen- 
erality: E/F is a finite separable extension of degree n of arbitrary fields, where 
n is an integer (possibly even) greater than 1. The separability assumption is re- 
quired because we need to know that the trace ti e/f is n ot identically zero and, in 
addition, we need E/F to have primitive elements. 

5.2.1. Parametrization of 9 -split embeddings. Fix an .F-basis ei,...,e„ of E. We 
refer the reader to Section ^4.2l for the notation x and x (for x € E x ) defined with 
respect to this basis. 

Given x,x' € E and a € E x , then 

(x,x') a = tr E/F (axx') 

defines a symmetric _F-bilinear form on E. The matrix of this inner product is the 
symmetric matrix v a = (yfj) in G defined by 

v% = tr E/F (aeiej). 

Thus 

(a;, x') a = tvE/F(<ixx') = t x-v a -x/_, 

for all x, x' e E. 
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Lemma 5.3. The inner product ( , ) a is nondegenerate or, equivalently, v a is 
invertible. 

Proof. Assume v a is not invertible. Then is an eigenvalue. Choose c G E x so 
that c is an associated eigenvector. Then 

n 

^c j tr E / F (ae i e ] ) = 

for all i. Equivalently, 

tr E/F (acei) = 

for all i. But {acei, . . . , ace n } is an F-basis of E. Therefore, we deduce that tr E / F 
is identically zero. This contradicts the assumption that E/F is separable. □ 

We now consider the mapping 

E x — > {nondegenerate symmetric F-bilinear forms on E} 

given by a i-> ( , ) a , as well as variations on this mapping. If an F-basis of E has 
been fixed then ( , ) a determines a symmetric matrix v a in G. So we have a map 

E x — > S := {symmetric matrices in G}. 

There is a natural action of G on S: for g G G and v G S, define g ■ v = gv l g. 
We will say that two elements of S in the same G-orbit are similar. 

Changing the basis chosen above has the effect of replacing v a by another matrix 
that is similar to v a , so we obtain a 

E x -> O g (S) := {G-orbits in S}. 

If a, b G E x then 

v ab = \ v a = v a k 

from which it follows that 

and thus v ah ^ is similar to v a . Therefore, our map E x — > Oq{S) gives rise to a 
canonical map 

where 

1 £ :=E X /(E X ) 2 . 
Each i/£5 determines an involution 0^ of G by 

Ms) = • • i'- 

For simplicity, we write 9 a instead of 8 u a . 

Let T be a torus in G. For simplicity, we will often refer to the group T = T(F) 
as a torus in G. If 9 is an involution of G, such a torus T is said to be 0- split if 
all of its elements g satisfy 6(g) — g^ 1 . Since T is dense in T with respect to the 
Zariski topology, this is equivalent to the condition 6(g) — g^ 1 for all g G T, and 
we will also say that that T is 6-split in this case. 

Now fix T = EP^_. Then T is # a -split, according to the calculation: 

Mi -1 ) = Kr 1 • *i • v a - Kr 1 • ^ a ' 1 - I- 

Lemma 5.4. TTie map a 6 a gives a bijection between E x / F x and the set of 
orthogonal involutions 6 of G for which T = E x is 6-split. 
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Proof. We first consider injectivity. Suppose 01,02 G E x . Then the condition 
Qai _ Qa 2 j s equivalent to the condition that v ai and v a2 (or the associated inner 
products) are scalar multiples of each other. It is easy to see that this is equivalent to 
the existence of z G F x such that tv E / F ((a\ — za 2 )x) — for all x £ E. Separability 
of E / F then says that this is equivalent to a\ = za 2 , which proves injectivity. 

We now consider surjectivity. Suppose 9 is an orthogonal involution such that T 
is #-split. Choose a symmetric matrix v £ G such that 9(g) = v~ x ■ l g~ x -v, for all 
g G G. (Up to scalar multiples, v is uniquely determined by 9.) We need to show 
that there exists a G E x such that v — v a . 

For x 7 y £ E, define (x,y) u = t x-u-y and let <p u £ \lom F (E 1 F) be defined 
by 4> v {z) = (1, z) v . We now observe that every nonzero element of Hom F (E, F) is 
associated to an element of E x in the following manner. Define an ^-linear map 
E — > Hom F (E, F) by mapping a £ E to tr E / F ofi a , where fi a : E — > E is given 
by fJ, a (x) = ax. This map is clearly injective. Therefore, it defines an ^-linear 
isomorphism E = Honii?(i?, F) since E and Homp(E, F) both have F-dimension 
[E : F]. This implies that there exists a G E x such that (f) u (x) — tr E / F (ax), for all 
x G E. 

Now suppose x,y G E. Note that 9(x_~ 1 ) = x, from which it follows that 
v ■ x = t x_ ■ v. Therefore, we have (x, y) v = % x_ ■ v ■ y = *1 • t x ■ v ■ y = *1 • v ■ xy = 
= 4> v {xy) — tr E / F (axy) — (x,y) a - We now deduce that v — v a which 
completes the proof. □ 

We now observe that 

9 ab ~ 2 =k-9 a 

and interpret this as an equivariance property of the map onf. More precisely, 
let E x act on E x / F x by 6- (aF x ) = ab~ 2 F x , and let T act on the set of involutions 
of G by restricting the usual action of G on involutions. Then the mapping a 9 a 
becomes equivariant with respect to T = E x , where we identify E x with T via 
x 1 ^ x_. This yields: 

Corollary 5.5. Let T = FP^. The map a4 9 a gives a bisection from E x / (E x ) 2 F x 
to the set of T -orbits of orthogonal involutions 9 of G for which T is 9-split. 

5.2.2. Y E if- We have just shown that anf gives a bijection 

Ve/f '■ Ye/f -> O t , 

where Y E / F = E x / (E X ) 2 F X and O t is the set of T-orbits of orthogonal involutions 
9 such that T is 0-split. Now let y E /F denote the cardinality of Y E / F . 

Lemma 5.6. y E /F — 1 is the number of quadratic extensions of F contained in E. 
In particular, y E / F = 1 if n is odd and y E / F = 2 if n = 2. 

Proof. We start by noting that the nontrivial elements of X E = E x /(E x ) 2 repre- 
sent quadratic extensions of E. So the elements of Y E / F may be viewed as quadratic 
extensions of E modulo those of the form EF' , where F' is a quadratic extension 
of F. 

Now assume E/F is a degree n extension of p-adic fields of characteristic zero 
with p^2. Here is another interpretation of Y E / F and y E / F . We rewrite Y E / F as 

E X /(F X n (E x ) 2 ) 
{(E X ) 2 /(F X n (E x ) 2 )) x (F X /(F X n (E x ) 2 )) 
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and then see that 

\E X /(F X n (E x ) 2 )\ 

VE/F ~ \{E X ) 2 /{F X n (£X)2)| . \ F x/(F>< (E x ) 2 )\' 

This implies 

4 

VE/F ~ \F X /(F X n (£ x ) 2 )|' 
Now the nontrivial elements of (F x n (E x ) 2 )/(F x ) 2 are in bijective correspondence 
with the quadratic extensions of F that are contained in E and we have 

\F X /(F X ) 2 \ 



\F X /(F X n (E X Y)\ 



\(F x n (e x ) 2 )/(f x ) 2 \ 

4 



I (fx n {e x Y)/{f x ) 2 \. 

Our claim follows. □ 



r 



5.2.3. 5pZii orthogonal involutions. Let 

^ ^ n 

T 

In this section, we consider the orthogonal involution 9j and its G-orbit 0j. We as- 
sume throughout that E/F is a degree n tamely ramified extension of characteristic- 
zero p-adic fields. Note that if 9 £ ©j then G e is a split orthogonal group. We will 
prove: 

Proposition 5.7. Given an embedding of E x in G with image T then there exists 
9 € Oj such that T is 9-split. Consequently, Oj must contain a T -orbit that lies in 
O t . Given 9 £ Oj there exists an embedding of E x in G whose image T is 9-split. 

Our approach to the proof of Proposition 15.71 involves the characterization of 
G-orbits in S using discriminants and Hasse invariants. Since there is some incon- 
sistency in the literature regarding the use of the terms "discriminant" and "Hasse 
invariant," we start by defining these terms. 

If s G S then the discriminant of s, which we denote by discs, is the class 
of dets in Xf = F x / (F x ) 2 . Another important notion of discriminant is the 
notion of the signed discriminant of s which is the class of (— l)"^"™ 1 )/ 2 det s in 
Xp. To explain the power of —1 in the latter definition, we recall the definition of 
the Witt group of F. Consider the semigroup consisting of the equivalence classes 
on nondegenerate finite-dimensional quadratic spaces over F with respect to the 
direct sum operation. The quotient of the latter semigroup with the subsemigroup 
generated by the hyperbolic planes is a group of order 16 called the Witt group of F. 
The elements of the Witt group are naturally identified with the equivalence classes 
of finite anisotropic quadratic spaces. The element in the Witt group associated 
to any finite sum of hyperbolic planes is just the identity element, and we observe 
that the signed discriminant of any such quadratic space is trivial. Thus the signed 
discriminant has the favorable property that it is a Witt group invariant, whereas 
the ordinary discriminant is not. The appearance of the factor (— 1)™(" -1 )/ 2 at 
various points in our discussion below can be interpreted to some degree via the 
Witt group. We also note that 

det J„ = (_i)«(«-i)/2. 
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If A is a symmetric matrix in GL(m, i* 1 ), m G N, then we define the Hasse 
invariant of A by 

Hasse(A) = TT(ai,a_y), 

i<j 

where diag(ai, . . . , a m ) is a diagonal matrix in the G-orbit of A and ( , ) is the 
Hilbert symbol 

. . I 1, if z 2 = ax 2 + by 2 has a solution (x, y, z) G F 3 — {0}; 
(a, b) = < 

1—1, otherwise. 

The following classical result is Theorem 63.20 [O] : 

Lemma 5.8. TTie G-orbits in S are characterized by the discriminant and Hasse 
invariant. There are eight possibilities for the pair (disc(^), Hasse(^)). When n > 2 
each of these possibilities corresponds to a different G-orbit in S and these eight 
orbits give all the G-orbits in S. When n = 2, there are only seven orbits since it 
is impossible to have both disc(y) = — 1 and Hasse(^) = — 1. 

Note that the Hasse invariant is often defined as a product over i < j, instead 
of i < j. We will let Hasseo(A) denote the latter version of the Hasse invariant. 
Though these two definitions are not equivalent, either may be used to classify 
quadratic forms. The discrepancy between these two definitions is the product 

m m 

n(«*' a *) = II^'- 1 ) = (disc(A),-l) 

i=l i=l 

{1, if Y[ a>i is a sum of two squares, 
— 1, otherwise. 

{— 1, if -1 ^ (F x ) 2 and disc(A) has odd valuation, 
1, otherwise. 

Lemma 5.9. If v G GL„(Df) n5 then Hasse(y) = Hasseo(^) = 1. 

Proof. Suppose a,b G D x . Since every quadratic form of dimension 3 is isotropic 
over the finite field, we see that we may choose x, y, z G D, not all all in such that 
ax 2 + by 2 = z 2 (mod Suppose x ^ ^3. Let f{X) = aX 2 + by 2 — z 2 . Applying 
Hensel's Lemma to /, we see that we can find x' G D with x — x' G *P such that 
f(x') = 0. So, assuming x *P, we get an isotropic vector for aX 2 + bY 2 — Z 2 . 
If x G *P we can argue similarly, replacing x by y or z. We deduce that (a, b) = 1 
whenever a, b G O x . 

Fix v G GL ra (D) n S. To complete the proof, it suffices to show that v is similar 
to a diagonal matrix in GL„(D). Let us regard F n as a (nondegenerate) quadratic 
space V\ with respect to the symmetric bilinear form associated to v. 

Since V\ is nondegenerate, it contains anisotropic vectors. We also note that 
every anisotropic vector is clearly a scalar multiple of an anisotropic vector in D n 
that is primitive in the sense that its reduction modulo is nonzero. 

Choose a primitive anisotropic vector v% in D n . Let V2 be the orthogonal com- 
plement of v\. Then V\ is an orthogonal direct sum of Fvi and V2. Thus V2 must 
be nondegenerate. So we may choose a primitive anisotropic element in V2. Con- 
tinuing in this way, we obtain an orthogonal basis vi, . . . ,v n consisting of primitive 
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anisotropic vectors. The matrix v is similar to the diagonal matrix A whose «th 
diagonal entry is di = t ViWi £ D. It now suffices to show that A £ GL n (£>). 

We may now pass to the residue field f of F. The image vi,...,v n in f" of 
vi, . . . ,v n is a basis of f n . The image v £ M(n, f) of v is symmetric and invertible. 
Note that a, = l ViVVi is the image of in f. Since <Zj is nonzero for all i, the 
diagonal matrix A must lie in GL„(D). □ 

We have observed that we have an identity 

v a = V 1 = i/V 

Taking determinants yields the identity 

det(V a ) = N E/F {a) ■ det(z^). 

It is perhaps of some interest to note that the latter identity can also be deduced 
from the following standard (at least when a = 1) result. 

Lemma 5.10. Let oi, . . . , o~ n be the distinct F-embeddings of E into a fixed al- 
gebraic closure F of F . Let A be the diagonal matrix whose ith diagonal entry is 
o~i(a) and let B be the matrix whose ij-th entry is o~j(ei). Then v a — B ■ A- t B. 

Proof. The ij-th entry of v a is 

n 

tr E / F (aeiej) = } j o- k (a)°~k(ei)°~k(ej)- 
fe=i 

But this is the same as the ij-th entry of B ■ A- l B. This yields the desired matrix 
identity. □ 

The next lemma is also quite well known (c/., Proposition 12.1.4 [IR ). 

Lemma 5.11. Let j3 be a primitive element for E / F and take e\ — l,ea = /3,e3 — 
fS 2 , . . . , e n = Let f be the minimal polynomial for f3 over F. Then det(^ 1 ) = 

(-l) n{n - 1)/2 N E/F (f((3)). 

Let us now examine the discriminant of the G-orbit S a in S of v a . First we note 
that, by definition, the discriminant of S 1 is just the discriminant disc(_E/F) of the 
extension E/F. Therefore, 

disc(5 Q ) = N E/F (a) ■ disc(E/F). 

By LemmaOni disc(E/F) lies in the image of {-l) n{n -^/ 2 N E/F {E x ) in X F . The 
same must therefore be true of disc(<S a ). In other words, the signed discriminant 
of S a lies in the subset N E/F (E X )/(F X ) 2 of X F . 

If n is odd then N E / F defines a surjective map from E x to X F since, in fact, 
the restriction of this map to F x is identical to the natural projection F x — s- X F . 
The following result is now immediate. 

Lemma 5.12. The matrices in v 1 E x = {v a : a £ E x } are symmetric. The 
discriminant classes represented by these elements comprise the image of 

{-l) n ^- l ^ 2 N E/F {E x ) 

in X F . If n is odd then disc maps v 1 E x onto X F . 
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To show that there exists a E E x such that v a is similar to J, it suffices to show 
that for some a the matrices v a and J have the same discriminant and the same 
Hasse invariant. We start with the case in which E/F is unramified, then we settle 
the totally and tamely ramified case, and finally we combine the latter cases to 
obtain the desired result for general tamely ramified extensions. 

Lemma 5.13. If E/F is an unramified extension of degree n then there exists an 
element a G E x and an F-basis of E such that the associated matrix v a is identical 
to J. 

Proof. When a E E x and /3 is a primitive element for E/F, we have 

detK) = N E/F {af'{P)){-V n(n - 1), \ 
where / is the minimal polynomial of (3 and v a is defined with respect to the basis 
ei = 1, e-i — P, 63 = 1 , . . . , e„ = /3™ _1 . We may choose such a [3 which, in addition, 
lies in D E . Take a = /'(/3) _1 . Since / is irreducible modulo CP, the image of f'((3) 
in De/Ve is nonzero, and hence f'(j3) and a are units. 

Since tr^/F takes De to D, v a has entries in D. Moreover, since detis a = 
(-l) n (n-i)/2 e £,x ; it f n ows tna t v a E GL n (£>). Thus, according to LemmaElI 
we have Hasse(i/ a ) = 1 = Hasse(J). We also have 

det(i/°) = (_i)«(«-i)/2 = (jet J. 

Therefore, by Lemma f5.8| v a must be similar to J. Now choose g g G such that 
g ■ v a ■ l g = J. Define an F-basis e[, . . . , e' n of E by e[ = J2j 9ij e j- Then the matrix 
v a with respect to e' x ,...,e' n is precisely J. □ 

Lemma 5.14. If E/F is a totally and tamely ramified extension of degree n then 
there exists an element a G E x and an F-basis of E such that the associated matrix 
v a is identical to J . 

Proof. As in the proof of Lemma 15.131 we choose a certain a G E x and a cer- 
tain primitive element j3 for E/F, and we use the -F-basis e\ = \,e^ = I3,e% = 
(3 2 , . . . ,e n — /3 n ^ 1 of E. In the present case, we take (3 to be an element of E that 
is an n-th root of a prime element wf in F. (The fact that this is possible follows 
from Proposition 12 |Laj .) 
We observe that 

/{)■■■ w F \ 

Vo 10/ 

It is easy to evaluate tr^/^(/3 fe ) = tr(/3 fe ) for any k and to verify that the trace is 
zero unless A; is a multiple of n. Taking a = fi v ~ n /n, we obtain v a = J. □ 

Proposition 5.15. If E/F is a tamely ramified extension of degree n then there 
exists an element a G E x and an F-basis of E such that the associated matrix v a 
is identical to J . 

Proof. Let K/F be the maximal unramified subextension of E/F. Let / = [K : F] 
and e = n/ f = [K : E]. We define a tensor product map 

M(e, F) x M(f,F) -> M(n, F) 
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by taking A® B to be the e x e block matrix whose ij-th block is AijB £ M(/, F). 

Now suppose a £ E x and let a be a if-basis cti, . . . , a e of E. Define a symmetric 
matrix £ GL e (A") by (v%)ij = It E / K (actiOtj). Similarly, suppose b £ K y and 
let (3 be a F-basis /3i, . . . , /?/ of A". Define a symmetric matrix i/g £ GL /(F) by 
(^)fcz = te K / F (b(3kfli)- Let a ® /3 be the F-basis of E given by 

ai/?i, . . . , ai/3/, a 2 /3i, . . . , a 2 pf, ■ ■ ■ , a e (3i, . . . , a e f3f. 

Suppose that has entries in F. Then the tensor product ® i/g is defined 
and, according to the following calculation, it is identical to ^gifl- 

= to E / K (aaiaj)ti K/F (bP k l3i) 

= tT K / F (bPkPi tx E / K {aaia.j)) 

= to K / F (tr E/K (bf3 k ptaaiaj)) 

= tr E / F (abaiajl3 k l3i) 

By Lemma 15.131 we may choose a and a such that i/° = J e . By Lemma 15.141 
we may choose b and /3 such that v\ = Jj. Then J„ = J e ® Jf — v% <8> ^« = 
which proves our claim. □ 

Proof of Proposition \5. 7[ Proposition 15.151 and Lemma 15.41 imply that there exists 
an embedding x n- x of E x in G whose image T is 0,/-split. If g £ G and 9 = g ■ 9j 
then g i— > gxg~ l defines an embedding of E x in G whose image is 0-split. 

Now suppose we are given an embedding of E x in G and let T denote its image. 
Lemma 14.61 implies that the embedding must come from an _F-basis e±, . . . , e„ of 
E. Proposition 15 . 151 savs that there must exist another basis e[, . . . , e' n and a £ E x 
such that the associated matrix v a is J. The change-of-basis matrix in G between 
these bases sends 9j to a matrix 9 £ 9,/ such that T is #-split. Consequently, 9j 
must contain a T-orbit that lies in O t which completes the proof. □ 

5.2.4. Refined results when n is odd. In this section, we assume n is odd. 

Lemma 5.16. Suppose L is a subring of M(n, F) that is a field extension of F 
of odd degree. Assume 9 is an orthogonal involution of G = GL„(i 7 ') such that 
9{L X ) = L x . Then 9(t) = t" 1 for all t £ L x . 

Proof. Choose a symmetric matrix v such that 9 — 9 V . Then a(x) — v^ 1 ■ t x ■ v 
defines an F-automorphism of L whose square is the identity map. Since Gal(L/F) 
has odd order, a must be identity map on L. This is equivalent to our assertion. □ 

The latter result shows that every 0-stable torus in G = GL„ must in fact be 
0-split. 

In the next result, we continue to assume that we have fixed an embedding of E 
in M{n, F) and we let T denote the image of E x . 

Proposition 5.17. Assume n is odd. The G-orbit Qj is the unique G-orbit of 
orthogonal involutions of G that contains an involution 9 for which T is 9-stable. 
For every such involution 9, the torus T must in fact be 9-split. The set of all 
9 £ Oj such that T is 9-split comprises a single T-orbit in Qj. The orthogonal 
group associated to any element of Oj is a split orthogonal group. 
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Proof. According to Corollary 15.51 and Lemma I5.6) the map he/f '■ Ye/f ~> C T of 
£ 15.2.21 reduces to a bijection between two singleton sets when n is odd. This says 
that there is a unique T-orbit of orthogonal involutions 9 such that T is 0-split and 
every involution of the form 9 a , for a £ E x , lies in this orbit. The fact that 0-stable 
tori must be 0-split follows from Lemma 15.161 

Proposition 15.71 implies that the latter orbit lies in Qj. It is well known and 
easily verified that the orthogonal group associated to 9j is split. The orthogonal 
groups associated to other elements of Oj are G-conjugate to the latter group and 
hence they must also be split. □ 

Corollary 5.18. If n is odd and 9 is an orthogonal involution then the following 
are equivalent: 

• (9(G) = G, 

• Z° is a 9 -split torus, 

• W is weakly 6 -symmetric. 

Proof. Assume Z° is a 0-split torus. Then Z % is a 0-split torus for all i, since it is 
a torus and it is contained in Z°. Since Z l is #-split, it is 6>-stable and hence so is 
its stabilizer in G. So G is 6>-stable. Conversely, if G is 0-stable then Zq must be 
6>-stable and hence 0-split by the Lemma \5. 161 This establishes the equivalence of 
the first two conditions. 

Now consider the quasicharacter </>j in <f> — (4>q, . . . , <j>^) and assume 9{G % ) — G\ 
Then 9 restricts to an orthogonal involution of G % with respect to any isomor- 
phism G % = GL ni (Ei), according to Proposition 15.11 Thus if g € G l = 6{G l ) then 
detj (</<?(</)) = 1 so gO(g) lies in the commutator subgroup of G 1 . This implies that 
our first and third conditions are equivalent. □ 

6. Orthogonal periods 

Suppose n is odd from now on. Fix a G-orbit of orthogonal involutions of 
G and fix a Howe datum $ = (ip, E, {ifi}, {Ei}, t : E <-i M(n, F)) in the sense of 
Definition 14.51 Let ^ = (G,y, p, <j)) be a cuspidal G-datum that is associated to $ 
as in §4.31 Recall from Theorem 13 . 1 01 the formula 

[9]~[9] 

Our objective in this section is to compute all of the terms on the right hand side 
of the latter formula. 

Let us briefly sketch our strategy. From Proposition I5.17[ it follows that if 
(0,£)g ^ s nonz ero then O = Qj. So let us assume O = Qj. In ij6.1[ we show that 
m K°(W\) — 1 f° r ai l orbits [9] in our examples. (This is not true for even n.) 

By definition, if a summand ([9], [$>]}ko is nonzero then it is equal to the dimen- 
sion of the space Hom^o.e (p' , r)' 9 ). (See £13.1.41 ) Using our generalized version of 
Lusztig's results (Theorem 13. llj) . we then show that we can assume that our torus 
T in Definition EH1 is 0-split. 

Next, we use Proposition 15.171 to identify a particular summand as the only 
summand that can be nonzero. In £16 .31 we give an explicit formula for i]' e and show 
that it is always trivial for our purposes. Finally, to compute the only relevant 
summand, we appeal to Lusztig's formula. (In this case, we do not need to use the 
generalized form of the formula from £13.2. II ) 
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6.1. Triviality of m K o([9]). 

Lemma 6.1. Let 9 be an orthogonal involution of G. Then p(Gg) — Z 2 and 
Ge = ZG e . Consequently, m K o{[9]) = 1. 

Proof. Choose a symmetric matrix v G G such that 9 = 9 V . The similitude ratio 
defines a homomorphism p : Gg — > Z . We have 

Kg) = 3%)^ = g ■ v~ x ■ *g ■ v. 

If z £ Z then p(z) — z 2 and thus p(Gg) D p(Z) = Z 2 . Let us identify Z with 
F x in the obvious way. If g € Gg then det^t(<?) = (detg) 2 € Z 2 . On the other 
hand, if z € Z then detz = z n = z (mod Z 2 ). So, Z 2 D p(Gg) D Z 2 and hence 
fi{G e ) = Z 2 . 

The similitude ratio p defines an exact sequence 

1 -> G e -> G e -> p(Gfl) -> 1. 

This yields an exact sequence 

1 -> G e /{±1} -> G e /Z -> ^(Ge)/^ 2 -> 1, 

since Z C Gg, G e n Z = {±1} and = Z 2 . Hence, we have an isomorphism 

Gg/ZG e ^p(G )/Z 2 . 

Since p(Gg) = Z 2 , we deduce that Gg = ZG e . 
By Theorem 13.21 we have 

m K o([9}) = [Gg : (K°nG e )G e }. 

But now Z C K° nGg implies 

[G e : (K° n G e )G e ] < [G e : ZG e \ = 1. 

Therefore, rojf(9') = 1. □ 

6.2. Relevant Involutions. Suppose is an involution of G such that 

([6], [*]) K o = dimHom x o, s (p',»? e ) ^ 0, 

where K°, p' and r\' e are associated to 'J as in iHMul . (Only orbits [9] with this 
property can contribute to the formula for (0, in Theorem I3.10H Then we 
must have [9] ~ [iff], that is, 9(K°) = K°, and the character tj> of if given by 
4>{g) — IliLo 0»(sO restricts trivially to K^f . In particular, by Lemma 13.51 9 must 
stabilize G° and [y]. 

Let T be the F-torus in G such that T = l(E x ). Then T can be taken to be the 
torus appearing in Definition 12. II We want to show that there always exists a 6>-split 
maximal F-torus T' of G with the properties in Definition 12. II By Lemma [5.161 it 
suffices to show that there is a (9-stable torus T' with these properties. 

If "J" is toral, then 9 stabilizes T = K°, and we are done. So suppose VP is nontoral. 
Then there exists an f-group G y such that G°(f) = G y . 0+ = GL no (fg ). Let T be 
the f-torus in GjJ determined by T. (See the Appendix.) Thus T(f) = T 0:0 +. The 
character ip-i\0 E projects to a character A of T(f). 

Recall that the Deligne-Lusztig virtual representation Rj of G° (f) associated to 
(T, A) is an irreducible cuspidal representation that corresponds to the representa- 
tion p° of Gy . In addition, p is the representation of K° that restricts to p° on 
Gy and acts according to p{we ) = <P-i(tze ) for any prime element we in Eq. 
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We note that K o t> = G y ' . The involution 9 determines an involution of G y 
that we also denote by 9. It follows from Proposition 2.12 |HMu] that the group 
of fixed points of 9 in G°(f) is the same as the image of G y0 in G°(f). Moreover, 
if we identify G°(f) with GL no (f Eo ), then there exists an f Eo -involution 9q of GL„ 
such that 9o coincides with 9 on GL no (f Eo ) under this identification. Observe that 
9, and hence 9g, are nontrivial on the center of GL„ (fE ). It follows that 9o is an 
outer involution of GL„ and thus that G y - e = O„ . 

Recall that p' = p® <f> and rj' e = r\ ® (f>. Note that 770(3) = ^^Weid) defines a 
character of exponent two of G°(f). We therefore have 

([#]> [^})k« = dimHom^o.e (p, r) ) = dimHom G o (f) e (Rj^, %). 
Thus Theorem 13.111 now implies 

([6], [*]>k° = *C0 a ( z <% ((7-^7 n G°/)°)) . 

7eT(f)\3r )Ai „ 9 /G0(f)» 

Since ([0], [ v I'])a' is nonzero, by the definition of St,a,j7 9 j we see that there exists 
7 € G°(f) such that (7 • 0)(T) = T and the summand above associated to 7 is 
nonzero (as are all the summands). 

Suppose that g 6 G° projects to 7. Then [g ■ 9] = [9]. Therefore, there is no 
essential loss in generality in replacing g ■ 9 by 9. In other words, we may assume 
g=l and therefore 9(T) = T. 

Lemma 6.2. Assuming 9(T) = T, there exists a 9-stable elliptic maximal F-torus 
T' of G° such that 

(1) yeA(G°,T',F). 

(2) The image of V n G° y in G°(f) is T(f). 

(3) T and T' are conjugate in G° y 0+ . 

Proof. Let H = GL„ . The group G° is isomorphic to the group fl £o/ / F H obtained 
from H via restriction of scalars from Eq to F. As discussed in Sj2j over an algebraic 
closure F of F, 

cr£S 

where E is the set of F-embeddings of Eq in F. Moreover, the identification of the 
-F-group G° and Ilo-es ^ (together with the above action of Gal(F/F)) determines 
an identification of S(G°, F) with B(H, E ). 

It is easily checked that since [Eq : F] is odd and 9 is defined over F, 9 must 
stabilize each factor in the above decomposition of G°. Thus, for each a € E, 9 
determines an i?o-automorphism 9 a of H. In fact, 9 a = a 9 e , where e € E is the 
identity embedding, and a 9 e is the map x H> a{9 e (a~ 1 (x))). 

Recall that T = R E / F GLi — R Eo / F (R E / Eo GLi), In fact, this isomorphism is 
compatible with the identification of G° with R Eo / E H in the sense that T can 
be identified with R Eo / E S, where S = R e / Eq G\j\ is a unramified elliptic maximal 
Eg torus of H. The existence of a torus T' with the above-stated properties now 
follows immediately from Proposition IA.3I □ 



We have thus demonstrated the following result. 
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Proposition 6.3. Suppose 9 is an involution of G and $ is a cuspidal G-datum 
such that ([9], [^])k° 0- Then there is a 9-split maximal F-torus T of G with 
the properties given in Definition \2.1\ 

6.3. Triviality of rj' g . In this section, we establish that the character f]' g in the 
application of the theory of |HMuj to (GL„, O n ) is trivial, when n is odd. 

Assume 9 is an orthogonal involution of G = GL„(F), where n is odd. Let ^ = 
(G,y,p,cf)) be a cuspidal G-datum. Let $ = (f, E, {<fi}, {Ei}, t : E <—> M(n,F)) 
be an associated Howe datum. Let T be the elliptic maximal F-torus of G such 
that T(F) = l(E x ). We may assume that T is 0-split by Proposition l6~3l 

Proposition 6.4. The character rj' s is trivial. 

In the toral case, this follows immediately from the fact that K ' 9 — {±1} lies 
in the center of G. 

In general, the character rj' g of K°' e has an expression 

Ve(k) = f[x Mi (fm) 

i=0 

in the notation of [HMuj . Here the ith factor is given explicitly as 

det(Iii.t(A)|W?') (p - 1)/2 ) 

where 

and J+ +1 is a certain subgroup of finite index in J l+1 . (See §3.1 in [HMuj .) In the 
above determinant, we are viewing as an f -vector space, where f is the field 
of prime order contained in f . We will show that each of the factors in the definition 
of r)' g is trivial. 

It is more convenient to work on the Lie algebra g. The groups J l+1 and Ji +1 
have obvious analogues and in the Lie algebra q, and it is easily seen that 

det^ntWlW^)^- 1 ^ 2 = det(Ad(/c)|2H+) (p - 1)/2 , 

where 

As above, we view 2U^~ as an f*-vector space. In fact, the f*-linear structure on 2U^ 
extends naturally to an f-linear structure. Moreover, Ad(fe) is f-linear. According 
to a classical "transitivity of norms" formula (see §7.4 in [J]), we have 

det f .(Ad(fc)|2U+) = % f - (det f (Ad(fc)|2U+)) . 

To establish that rj' e is trivial, we will show that for all i and for all k E K 0,6 , the 
determinant detf(Ad(fc)|S2JJ^~) is trivial. 

6.3.1. Some notations. There is no loss of generality in assuming that G = G* +1 
and doing so will allow us to simplify our notations. In particular, we take G' = G* 
and routinely drop subscripts and superscripts involving i by using notations such 
as $ = $(G, T) U {0} and $' = $(G', T) U {0}. 

Note that the fact that T is 0-split implies that 9a = —a, for all a G Let 
(<f> — <j) / )+ be any set of representatives for the various pairs {a, —a} as a ranges 
over $ — <£>'. For each a E $ — <&', we have the 1-dimensional space 

9 6 a = (9a+9-a) 8 - 
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For any extension K of F contained in F, let 

a£($-3>') + 

Let E'/i 7 ' denote the Galois closure of E/F in F. Then 2B and 2U + are the spaces 
of Gal(£/F)-fixed points in W(E) and W+(E), respectively. 

6.3.2. The structure of the proof. Let 5 : K ' — > f x be the map 

fc^dct f (Ad(fc)|<2U + ). 

To show S is trivial, first observe that it is trivial on K^ 6 . Abbreviate j\E by fo- 
In SI6.2| we observed that 

K^/K°/^O no %). 

Note that 6 must be trivial on the negative of the identity matrix. Thus it suffices 
to show that 5 is trivial as a homomorphism SO no (fo) — > f x . 

Our basic strategy can now be described as follows. Let F' be a (unique up 
to isomorphism) unramificd quadratic extension of F. Let f = fp> and let f — 
f F' Eq ■ Taking _F'-rational points, we show that 6 has a natural extension to a 
homomorphism 

^ : SO„ (f^) ^ (f) x - 
Then the triviality of 5 follows from the fact (shown below) that SO„ (fo) is con- 
tained in the commutator subgroup of SO no (fg). 

6.3.3. The spinor norm. Let p be an odd prime and let ¥ p denote the field of order 
p. As in 8 33.2.11 for any power q of p, let ¥ q denote the finite field of order q (inside 
a fixed algebraic closure of ¥ p ). Let v : O(n ,F g ) — >• F X /(F X ) 2 be the spinor 
norm. Recall that an element of 0(no,F 9 ) lies in the kernel of v precisely if it 
can be expressed as a product of reflections r Vl ■ ■ ■ r Vm through anisotropic vectors 

v m € Fg such that 

Q(vi)---Q(v m )e (F x ) 2 , 

where Q is the quadratic form on F™° that is used to define SO no . It is well known 
that the commutator subgroup of SO, i0 (F g ) is the group Bk{q) consisting of the 
elements in the kernel of v that also lie in SO„ (F 9 ), where k = (no — l)/2. The 
group Bk(q) is also the commutator subgroup of O„ (F g ) and it has index two in 
SO„ (F 9 ). 

Lemma 6.5. For any power q of p, SO no (F g ) is contained in the commutator 
subgroup B k (q 2 ) o/SO„ (F ? 2). 

Proof. Given g € SO no (F q ), we can write g = r Vl ■ ■ -r Vm , where each Vi in F™° 
is anisotropic with respect to the quadratic form defining SO„ , and r Vi is the 
associated reflection. 

Let Q be the obvious extension of the above quadratic form to F™° . Then Q(vi) 6 
F* C (F x ) 2 . Therefore, if v' is the spinor norm on O„ (F 9 2) then v'{g) = 1. □ 

A general reference for the material in this section is |Lm] . 
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6.3.4. Extension of scalars. Let £ be a unit in F whose image in the residue field 
f generates f x . Let F' = F[*Je\ and E' = E[*Je\. Then E'/E and F'/F are 
unramified quadratic extensions and E 1 = EF' . Note that restriction from E' to 
E defines an isomorphism 

G&l(E'/F') S Gal(E/F) 

whose inverse is 

a H> (x + y\fe H> a(x) + a(y)yfe). 

Note that W(F') and 2U+(F') are the spaces of Gal(£'/F')-nxed points in W{E') 
and W + (E'), respectively. All of these spaces may be regarded as f- vector spaces 
and we have 

W(F') = 2tJ<g> f f, 
W+{F') = 2H+(g) f f. 

Let 

K°(F') = G°(F') [y] , K°(F') + = G°(F% i0+ . 

Then 

K\F>r = G°(F% i0 , K°(F')l = G°(F')% + . 
By the discussion in £16.21 we have 

K (F') e /K (F') e + = G°(F% i0:0+ - O no (Q. 
For k € K a {F')\ define a homomorphism 5' : K°(F') e (f) x by 

(J'(fc) =det f (Ad(fc)|«m + ( J F 1 '))- 

We regard 5' also as a homomorphism 

<5':SO„ (f[,)^(f) >< . 

Observe that since W + (F') = 2U+ ® f f, the restriction of J' to SO„ n (f ) is 5. Since 
SO no (fo) is contained in the commutator subgroup of SO„ (fQ) by Lemma 15751 <5 is 
trivial. It follows that r]' g must be trivial. 

6.4. Lusztig's theory for our examples. To simplify notations, we assume in 
this section that n = n$. Later, we use the results of this section with n replaced by 
n . Our objective is to apply the results of ^3.2.1l to the finite groups that arise from 
the tame supercuspidal representations consdered in this paper. What we do turns 
out to be a routine generalization of §2 in [HMa analogous to our generalization of 
the theory in }Lu] . 

We resume the notations of fc|3.2.Il with ¥ q — fo and G = GL„ (where n is an odd 
integer greater than 1). Let 9 be the involution 8(g) = t g~ 1 of G. Then G e = O n 
and (G e )° = SO n . Let J be the set of all 0-split maximal tori in G. The group 
(G e ) acts transitively on J by conjugation. (See §1.5 |Luj.) 

Let T be a 0-stable elliptic maximal torus in G. Let A and x be complex 
characters of T and G , respectively. Assume that A is nonsingular (in the sense of 
}Luj ) . Let St denote the set of all g £ G such that (g ■ d)(T) = T. Like Et,\, x , 
this set is a union of double cosets in T\G/G S . 

Lemma 6.6. The set St consists of a single double coset in T\G/G e . The set 
St,a.x * s empty unless A(— 1) = x(~ 1) * n which case it equals St- 
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Proof. The first assertion is Lemma 2 of jHMa] . As stated, this lemma only applies 
to a certain specific elliptic maximal F g -torus of G. However, the lemma holds for 
any such torus since all such tori are conjugate in G. We now prove the second 
assertion (which generalizes Lemma 1 of HMa]). 

Suppose g € St- Then g~ lr Tg is ^-stable and hence 0-split by Lemma 15.161 
(which applies equally well when the local field F is replaced by the finite field 
W q ). Hence g~ x Tg £ J. Let A be the ^-stable (hence 0-split) maximal F-torus 
of G consisting of the diagonal matrices. We may choose h £ (G )° such that 
g^Tg = hAhT 1 . It follows that G 9 n g^Tg C h(G e n A)/i -1 . But the elements 
of G e n A are diagonal matrices whose diagonal entries are ±1. Thus the squares 
of all elements of G 6 n g~ 1 Tg are trivial. Since g~ 1 Tg = F*„, we deduce that 
G s n g~ 1 Tg = {±1}. Since E g -i Tff (±l) = 1, we see that g € St,a, x if and only if 
A(— 1) = x(— 1). But the latter condition does not depend on g. Therefore, if it is 
satisfied we have 5x^. x = St and if it is not satisfied St,a,x i s empty. □ 

Proposition 6.7. Suppose 9 is an orthogonal involution of G and T is an elliptic 
maximal ¥ q -torus in G. If X is a character of T and x is a character of G e then 

W\ Xi ) ~ \0, otherwise. 

Proof. We first assume that 9 is chosen as above. Theorem 13 . 1 1 1 says 

ji E fl T,AW X(h) = a(T) J2 a ( Z « ((9~ lT 9 n ^T)) • 

' ' heG e 9 eT\H T , A>x /G 8 

If A(— 1) 7^ 1) then our claim follows from Lemma [6761 since the latter sum over 
T\E.T.\, X /G e is an empty sum. Now assume A(— 1) = x(— 1). Then Lemma [6.61 
implies that St,a, x = TgoG 9 . We have cr(T) = —1 and 

a(Z G ((g- 1 TgnG e )°))=o-(G) = -l. 

This establishes our claim for the given 9. The case of general orthogonal involutions 
follows upon applying an inner automorphism to the formula in the special case 
already proven. □ 

6.5. Main results. We now prove the main theorem: 

Theorem 6.8. Let n be an irreducible tame supercuspidal representation of G 
with central character lu and let 9 be an orthogonal involution of G. Then tt is 
G e -distinguished precisely when 9 lies in Qj and ui{— 1) = 1. When n is G 6 - 
distinguished, the dimension of Hom G « (77, 1) is one. If it is associated to an F- 
admissible quasicharacter ip then the condition w{— 1) = 1 can also be stated as 
ip(— 1) = 1. Similarly, if 77 is associated to a cuspidal G-datum "J" = (G,y, p,cj>) and 
if uj' is the central character of p' = p ® <f> then w(— 1) = 1 can also be stated as 
W '(-l) = l. 

Proof. Let G be a G-orbit of orthogonal involutions of G and let f be a cuspidal 
G-datum to which 77 is associated. From Ej3.ll we have 



(e,*) G = £ m K o([9}) ([0], [*]>*», 
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which simplifies to 



<e,*> G = V ([0\,[*])k°, 



according to Lemma 16.11 

Suppose we have a nonzero summand ([8], [^])k° ■ According to Proposition 
16.31 there exists a 0-split maximal F-torus T with the properties described in 
Definition 12. II Proposition 15 . 1 71 implies that the G-orbit 0j is the unique G-orbit 
of orthogonal involutions of G that contains an involution 9' for which T is ^'-stable 
(and hence 0'-split). Therefore, the existence of a nonzero summand implies that 
= 6,/. In other words, since (0, tyc is nonzero then = Qj. 

Now fix a maximal torus T as above. Proposition 15 . 1 71 states that the set of all 
9' E 0j such that T is #'-split comprises a single T-orbit in 0j. Since T C K, we 
see that there can be at most one nonzero summand. Let 9 be an element of the 
unique orbit parametrizing this summand. Then 

By Proposition 16. 4[ r)' g is trivial and thus 

([9], [^])k° = dim Hom K o,e (ft , rjg) = dimHom A -o.«(/}', 1). 

Assume that the datum 4" is toral. Then p = 1 and p 1 — p <g> <fr = <f>. If ^ comes 
from a Howe datum $ and we identify T with E x then the quasicharacter <f> of T 
corresponds to the F-admissible quasicharacter ip of E x . 

But K°> 9 = {±1}, (J = 4> so 

Hom K o, »(//, 1) = Hom {±1} (</>, 1), 
and, in the toral case, we have 



(e,*)< 

or, in other words, 

(e,*) c 



if0(-l) = l, 
if 0(-l) = -1, 

ifu/(-l) = l, 
ifu/(-l) = -l, 



where u/ is the central character of p' . 

Now assume is not toral. Referring back to the discussion in £)6.2[ we obtain 
the formula 

(0,*) G = =dimHom G o Cf)8 (^ (f) ,^). 

We now apply Proposition 16.71 to the fo-group G° using the fact that rje = <^|G?' 
and again we obtain 

'l, ifu/(-l) = l, 



(0,*)g = 



0, ifu/(-l) = -l, 



where u/ is the central character of /?'. 

The assertions of the theorem now follow directly for representations it that 
are G e -distinguished. It remains to show that our necessary conditions for G - 
distinction are also sufficient conditions. Now suppose 9 G j and ^ = (G, y, p, <f)) 
is a cuspidal G-datum with lu'(— 1) = 1. Let E/F be a tame extension of degree 
n appearing in a Howe datum associated to ^ (as in i j4.3|) . The maximal torus T 
appearing in Definition 12.11 must be isomorphic to Re/fGL\. 
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Since 9 <E <dj, Proposition 15 . 1 71 implies that there exists a ^-stable embedding of 
E in M(n,F). The results of P4.2I show that after conjugating by an appropriate 
element of G, we may assume that T, and hence [y], are 0-stable. Moreover, T 
must be 6>-split by |5.17l The same must be true for Z° C T. By Corollary 15. 181 we 
must have 

(1) 9 stabilizes G, 

(2) (j)o9 = (t)- 1 . 

In particular, (1) implies that 9 must stabilize G°, hence K°, by Lemma 13.51 
Moreover, (2) implies that for g G K+ e , we have <f>(g) — <fi(9(g)) — 0(g) -1 . Thus 
(f)(g) = ±1, and since K°^ e is a pro-p group, we must have 4>\K+ 6 = 1- We 
have therefore shown that [9] ~ [$>]. As in the above discussion, we see that the 
assumption that u/(— 1) = 1 then implies that ([9], [^])k° = 1 an d thus ir is G e - 
distinguished. □ 



Appendix A. Lifting Tori from G y to G 

Let J denote the algebraic closure of f and let F un denote the maximal unramified 
extension of F. The following result is a direct consequence of [12 §2]. 

Lemma A.l. Let G be a reductive group over F. Suppose that T is an elliptic 
maximal unramified F -torus of G and y is a vertex in A(G, r £, F). 

(1) The torus T determines a minisotropic maximal f-torus T of G y such that 
the image o/T(F un ) H G{F un ) yfi in G y {$) is T($). 

(2) // T' is another elliptic maximal unramified F-torus of G such that y e 
A(G, T', F), and T' is the associated torus of G y , then T' = T if and only 
if T' is conjugate to T by an element of G y0 + . 

(3) Every minisotropic maximal f-torus of G y is associated to some elliptic 
maximal unramified F-torus of G in this way. 

Suppose now that 9 is an involution of G. The following result is an analogue of 
Lemma [A. II f3) for ^-stable tori. 

Lemma A. 2. Let G be a reductive algebraic group defined over F , and let 9 be an 
F -involution of G. Let y be a vertex in B(G,F) and suppose that 9([y]) = [y\. Let 
T be a 9 -stable minisotropic maximal f-torus of G y . Then there exists a 9 -stable 
elliptic maximal unramified F-torus T of G such that y G ^4(G,T,_F) and the 
image ofT(F un ) n G{F un ) y , Q in Gy($) is T($). 

Proof. Let So be the set of elliptic maximal f-unramified tori S of G such that 

• A(G, S,F) contains y, 

• The maximal torus of G y determined by S is T. 

This set is nonempty by Lemma [A. II (3). Note that So is 0-stable. By Lemma [A. II 
(2), G y + acts transitively by conjugation on So- We may therefore topologize So 
by giving it the quotient topology inherited from G y .o+ ■ With this topology, it is 
clear that G y + acts continuously on So- Moreover, So is compact and metrizable. 

Let X = {r e K : r > 0, G y . r ^ G y r +}. The elements of X can be written as a 
sequence Vq, r±, f2, . . ., where ro = 0. We now inductively define a nested sequence 
of compact subsets of So ■ Suppose we have already defined a sequence So , S±, . . . , Si 
of compact subsets of So such that each Sj is a ^-stable orbit of G r + in So ■ (To 
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begin with, note that this is true for So.) We claim that there is some 0-stable orbit 

5,4-1 of G + in Si. 

y< r i+i 

Consider the collection T of G y r + -orbits in Si. The group G y r + acts transi- 
tively on T, and therefore T has size dividing [G y r + : G y r + ) , which is a power 
of q, hence odd. Since 9 acts as a permutation of T of order dividing 2, some 
G r + -orbit <Si_)_i G T must be fixed by 9, proving the claim. 

Note that the Si form a nested sequence of nonempty compact subspaces. Hence, 
S = P) 4 Si is nonempty. Moreover, S is 0-stable and is contained in a single G y r +- 
orbit for each i, hence must be a singleton. In other words S consists of a single 
6*-stable torus. □ 

Now consider the following situation. Let E be a finite extension of F. Let H 
be an unramified reductive group defined over E, and let G be the group Re/pH 
obtained from H via restriction of scalars. Let 9$ be an ^-involution of H. Then 9q 
naturally determines an F- involution of G. Let S be an elliptic unramified maximal 
S-torus in H and let T be the torus Re/f& in G. Then T is an elliptic maximal 
torus of G which contains a maximal unramified torus of G. Let y be a vertex 
in A(G, T, F) such that 6([y\) = [y]. Since A(G, T, F) = A(H,S,E), we can also 
view y as a 6*o-fixed point of A(H, S, E). Note that 9 descends to an f-involution of 
Gj, (which we will also denote by 9). Similarly, 9$ descends to an f^-involution of 
the f B -group H^. 

Proposition A. 3. In the above situation, if the f-torus T in G y determined by T 
is 9 -stable, then there is an element g € G y $+ such that gTg^ 1 is 9 -stable. 

Proof. Let K/F be the maximal unramified subextension of E/F. Let H = Re/rH 
and S = Re/kS. By the transitivity of restriction of scalars, G = i?^H and 
T = R K / F S. Note that 9q determines a if -involution 9q of H, which descends to 
an fs-involution of the j\E-group H y . 

Let S be the fee-torus in determined by S. Since K/F is unramified, it follows 
that G y = Rf E /fH y and T = Rf E /fS. Moreover, the involution of G y determined 
by the involution #0 of is precisely 9. Since T is 6*-stable, it follows that S must 
be ^-stable. 

Since E/K is totally ramified, it follows from Lemma 2.1.1 of |AD| that H^)^ = 
H(E) y and hence that = Hy. Similarly, S = S. It is easily seen that the actions 
of 9q on and 9q on Y\ y coincide under the above identification. Thus since S is 
#o-stable, it follows that S is So-stable. 

By Lemmas IA.1I and IA.21 there exists g € H(E) y + such that S' = gSg^ 1 is 
6»o-stable. Let T' = R E /fS' C G. Then T' = gTg^ 1 , where g here is viewed 
as an element of G y x>+ = H(E) y +. Moreover, since S' is #o-stable, T' must be 
6»-stable. □ 
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